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Chapter 1 

Introduction 



Affine Schubert calculus is a subject that lies at the crossroads of combinatorics, geom- 
etry, and representation theory. Its modern development is motivated by two seemingly 
unrelated directions. One is the introduction of /c-Schur functions in the study of Mac- 
donald polynomial positivity, a mostly combinatorial branch of symmetric function theory. 
The other direction is the study of the Schubert bases of the (co)homology of the affine 
Grassmannian, an algebro-topological formulation of a problem in enumerative geometry. 

Classical Schubert calculus is a branch of enumerative algebraic geometry concerned 
with problems of the form: 

How many lines L in 3-space intersect four fixed lines Li, L2, L^, L4? 

Schubert |147] studied such "Schubert problems" in the 19th century. At the turn of the 
20th century, Hilbert posed as his fifteenth problem the rigorous foundation of Schubert's 
enumerative calculus. Subsequent developments in geometry and topology converted such 
Schubert problems into problems of computation in the cohomology ring H* {Gr(k,n)) of 
the Grassmannian Gy:{k, n) of fc-planes in n-space. The problems were reduced to find- 
ing structure constants, now called Littlewood-Richardson coefficients of a certain 
"Schubert basis" for H*{GT{k,n)). 

The explicit realization of these computations using the theory of Schur functions 
played an important role in transforming Schubert calculus into a contemporary theory 
that stretches into many fields. The Schur functions s\ form a basis for the symmetric 
function space A and at the turn of the century, it was discovered that they match irre- 
ducible representations of the symmetric group. Later, a deep connection between Schur 
functions and the geometry of Grassmannians was established when it was shown that the 
Schubert structure constants exactly equal coefficients in the product of Schur functions 
in A. The rich combinatorial backbone of the theory of Schur functions, including the 
Robinson-Schensted algorithm, jeu-de-taquin, the plactic monoid (see for example |139j ). 
crystal bases |127] , and puzzles [73] , now underlies Schubert calculus and in particular pro- 
duces a direct formula for the Littlewood-Richardson coefficients. The infiuence of Schur 
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functions on the geometry of Grassmannians provoked the broadening of Schubert calculus 
to other studies ranging from representation theory to physics. 

A trend in Schubert calculus is to generalize the classical setup in two basic directions: 

(1) to vary the underlying geometric object being considered by replacing the Grassmannian 
by the flag variety, or more generally by a partial flag variety of a Kac-Moody group, and 

(2) to vary the algebraic structure considered by replacing cohomology by equivariant 
cohomology, K-theoiy, quantum cohomology, or other algebraic invariants. Our interest is 
in the case when the Grassmannian is replaced by infinite-dimensional spaces Gr^j known 
as affine Grassmannians. 

Investigations of the quantum cohomology rings of flag varieties led Peterson |130j to be- 
gin a systematic study in this direction for any complex simple simply-connected algebraic 
group G. Applying work of Kostant and Kumar f75] on the topology of Kac-Moody flag 
varieties, Peterson showed that the equivariant homology HTiGrc) is isomorphic to a sub- 
algebra of Kostant and Kumar's nilHecke ring. Moreover, he proved that the Littlewood- 
Richardson coefficients of Ht{Gvg) could be identified with the 3-point Gromov-Witten 
invariants of the flag variety of G. A classical result of Quillen [135j establishes that the 
affine Grassmannian Gr^ is itself homotopy-equivalent to the group il.K of based loops into 
the maximal compact subgroup K C G. This places Gr^ in a unique position amongst 
the homogeneous spaces of all Kac-Moody groups. It endows Ht{Gii:g) with the structure 
of a Hopf algebra, and is also partly responsible for the important position that the affine 
Grassmannian has in geometric representation theory. 

The aim of this book is to present ongoing work developing a theory of affine Schubert 
calculus in the spirit of classical Schubert calculus; here the Grassmannian is replaced by 
the affine Grassmannian. As with Schubert calculus, topics under the umbrella of affine 
Schubert calculus are vast, but now it is the combinatorics of a family of polynomials called 
fe-Schur functions that underpins the theory. 

The theory of fc-Schur functions originated in the apparently unrelated study of Mac- 
donald polynomials. Macdonald polynomials are symmetric functions over Q((7, t) that 
posses remarkable properties; the proofs of which have inspired deep work in many areas 
(e.g. double affine Hecke algebras [30], quantum relativistic systems |138j . Hilbert schemes 
of points in the plane |61j). Macdonald conjectured in the late 80's that the coefficients 
expressing Macdonald polynomials in terms of the Schur basis lie in N[(7, t\. Since then, the 
Macdonald/Schur transition coefficients have been intensely studied from a combinatorial, 
representation theoretic, and algebro-geometric perspective. 

In one such study [92], Lapointe, Lascoux, and Morse found computational evidence 
for a family of new bases for subspaces A^ in a filtration A^ C A^ C • • • C A^ of A. 
Conjecturally, the star feature of each basis was the property that Macdonald polynomials 
expand positively in terms of it, giving a remarkable factorization for the Macdonald/Schur 
transition matrices over N[g,t]. Pursuant investigations of these bases led to various con- 
jecturally equivalent characterizations and the discovery that they refined the very aspects 
of Schur functions that make them so fundamental and wide-reaching. As such, they are 
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now generically called k-Schur functions. 

The role of /c-Schur functions in affine Schubert calculus emerged over a number of 
years. The springboard was a realization that the combinatorial backbone of /c-Schur 
theory lies in the setting of the type-A affine Weyl group. Generalizing the classical theory 
of Schur functions, Fieri rules, Young's lattice, the Cauchy identity, tableaux, and Stanley 
symmetric functions were refined using A;-Schur functions |95| , 1961 [78] . These are naturally 
described in terms of posets of elements in Ak. For example, the number of monomial terms 
in an entry of the Macdonald//c-Schur matrix equals the number of reduced expressions 
for an element in Ai^. 

The combinatorial exploration fused into a geometric one when the /c-Schur functions 
were connected to the quantum cohomology of Grassmannians. Quantum cohomology 
originated in string theory and symplectic geometry. It has had a great impact on algebraic 
geometry and is intimately tied to the Gromov- Witten invariants. These invariants appear 
in the study of subtle enumerative questions such as: how many degree d plane curves of 
genus g contain r generic points? Lapointe and Morse |97] showed that each Gromov- 
Witten invariant for the quantum cohomology of Grassmannians exactly equals a A;-Schur 
coefficient in the product of fc-Schur functions in A. A basis of dual (or affine) k-Schur 
functions was also introduced in |97j . In response to questions about the geometric role 
for dual A;-Schur functions and the significance of the complete set of fc-Schur coefficients, 
Morse and Shimozono conjectured that the Schubert bases for cohomology and homology 
of the affine Grassmannian Gr are given by the dual A:-Schur functions and the A;-Schur 
functions, respectively. Lam proved the conjectures in [79]. Since then, the synthesis of 
affine Schubert calculus and A;-Schur function theory has produced a subject involving 
prolific research in mathematics, computer science, and physics. 

This book arose from an NSF funded Focused Research Group entitled "Affine Schubert 
Calculus: Combinatorial, geometric, physical, and computational aspects" , which involved 
Thomas Lam, Luc Lapointe, Jennifer Morse, Anne Schilling, Mark Shimozono, Nicolas 
M. Thiery, and Mike Zabrocki as active participants among others. Our exposition here 
grew out of several lecture series given at a summer school on 'Affine Schubert Calculus' 
organized by Anne Schilling and Mike Zabrocki and held in July 2010 at the Fields Institute 
in Toronto. 

We give the story in three parts, through varying lenses. Chapter [2] presents the ori- 
gins and early work on fc-Schur functions, emphasizing the symmetric function setting and 
the combinatorics therein. The computational aspects are highlighted and illustrated with 
examples in Sage \1^3\ 1144] . More information about the open-source computer algebra 
system Sage is given in Appendix [A] Chapter [3] is Thomas Lam's synopsis of his summer 
school lectures entitled "affine Stanley symmetric functions". This chapter explains the 
combinatorial connections between Stanley symmetric functions and /c-Schur functions via 
the algebraic constructions of nilCoxeter and nilHecke rings. Some of the latter construc- 
tions are presented for arbitrary root systems. Chapter |4] is Mark Shimozono's synopsis 
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of his lectures on "generalizations to other affine group types" . This chapter presents the 
nilHecke ring in the very general Kac-Moody setting and develops some of the geomet- 
ric connections. The general construction is then applied to the situation of the affine 
Grassmannian. 

Let us outline the contents of this book. As discussed, the origin of A;-Schur functions 
was in a study of Macdonald polyomials where they are characterized as symmetric func- 
tions that depend on one additional parameter t. However, the bulk of our presentation lies 
in the t = 1 setting. Although the general case is needed for implications in representation 
and Macdonald theory, the proven combinatorial and geometric properties largely center 
around this special case of A;-Schur functions. 

Extensive computer experimentation led to many conjectured properties of the A:-Schur 
functions. Most notable is the A;-Pieri rule for /c-Schur functions, allowing one to express the 
product of a fc-Schur function with a homogeneous symmetric function in terms of A;-Schur 
functions. Chapter [2] starts by laying the combinatorial foundation needed to describe the 
/c-Pieri rule including partitions, cores, and the affine Weyl group of type-A. Then, for fixed 
k and for t = 1, the A;-Schur functions are presented as the family of symmetric functions 
which satisfy this Fieri rule. These functions form a basis of a subalgebra of the ring of 
symmetric functions. The dual basis lies in a Hopf-dual which may be realized as a quotient 
of the ring of symmetric functions. Chapter [2] studies the fc-Schur functions and their duals 
as symmetric functions, including a detailed summary of the weak and strong tableaux for 
which the /c-Schur functions and their duals are the generating functions. Section [6] of this 
chapter includes an account of the affine insertion algorithm of [81j, which explains how 
the generating functions for strong tableaux (A;-Schur functions) are known to be dual to 
the generating function for weak tableaux (dual /c-Schur functions). 

For arbitrary t, the /c-Schur functions span a subspace of the ring of symmetric functions 
which is closed under the coproduct operation. It was in this setting that the fe-Schur func- 
tions originally arose. They were first defined as a sum of the usual Schur functions over 
a combinatorially defined collection of tableaux known as a fc-atom. Lapointe, Lascoux, 
and Morse [92j conjectured that the Macdonald symmetric functions expand positively in 
terms of /c-Schur functions. An obvious difficulty with this approach is a missing algebraic 
connection that could be used to connect Macdonald symmetric functions with the com- 
binatorics of fc-atoms. A second definition of the fc-Schur functions was given in terms of 
symmetric function operators and followed in subsequent research [93l E] . Chapter [2j Sec- 
tion [3] discusses these definitions as well as several others that are conjecturally equivalent. 
Section |4] is used to give a list of mostly conjectural properties of fc-Schur functions and an 
account of what is known (to date) about the status of these conjectures. 

Throughout Chapter [2] we have included examples of computations with Sage in order 
to demonstrate examples of the formulas, but also to show how to use the functions that 
have been written by developers and incorporated into Sage. These examples will hopefully 
both inspire and encourage exploration so that readers can generate further data and make 
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new conjectures about /c-Schur functions and their duals. 

Chapter [3] then goes into more depth about fc-Schur functions in the setting of the nil- 
Coxeter algebra. In the early 1980s, Stanley |141| became interested in the enumeration of 
the reduced words in the symmetric group. This led him to define a family of symmetric 
functions {Fy^ \ w £ Sn} now known as Stanley symmetric functions. In [78], Lam showed 
that the dual fc-Schur functions were a special case of the affine Stanley symmetric functions 
Fw, analogues of Stanley's symmetric functions for the affine symmetric group. 

In earlier work of Fomin and Stanley [38], it was shown that some of the main proper- 
ties of Stanley symmetric functions could be obtained systematically from the nilCoxeter 
algebra of the symmetric group. This algebra is the associated graded algebra of the group 
algebra C[S'n] with respect to the length filtration. The affine nilCoxeter algebra played 
the same role for affine symmetric functions, and this provided an algebraic tool to study 
/c-Schur functions and their duals. This interplay between algebra, combinatorics and sym- 
metric functions is the main theme of Chapter [3| The connection to the nilHecke ring of 
Kostant and Kumar j75| is also explained and parts of the theory is carried out in the case 
of an arbitrary Weyl group. 

Chapter |4| puts the preceding chapters in a more geometric context, and begins with a 
careful development of Kostant and Kumar's nilHecke ring A [75] . The nilHecke ring can 
roughly be described as the smash product of the nilCoxeter algebra and a polynomial ring 
and it was introduced to study the torus equivariant cohomology of Kac~Moody partial 
flag varieties. This ring acts as divided difference operators on the equivariant cohomology. 

Peterson [130] studied the equivariant homology i/rCGrc) of the affine Grassmannian 
Gtg of the complex simple simply-connected algebraic group G as a Hopf algebra with 
the following idea: applying the homotopy equivalences Gr ~ QK and Flaf ~ LK/T^ the 
natural inclusion ^IK ^ LK/T^ gives rise to an action of HxiGrG) on i^j'(Flaf). (Here 
Flaf denotes the affine flag variety of G.) This action can be described in terms of divided 
difference operators, giving an injection j : H^^GrQ) — )• A. Peterson's work is given a 
thorough treatment in Chapter [4] Section |4| 

Using the natural relation between the nilCoxeter algebra and the nilHecke ring, in |78| 
Lam confirmed a conjecture of Morse and Shimozono identifying polynomial represen- 
tatives for the Schubert classes of the affine Grassmannian as the A;-Schur functions in 
homology and the dual /c-Schur functions in cohomology. The algebraic part of this result 
is established in Chapter [3j Theorems 8.9 and |8.1l] 

We now discuss various generalizations of (dual) fc-Schur functions, which are symmetric- 
function versions of the Schubert bases of the dual Hopf algebras of the homology {GrsLn ) 
and cohomology H* (Gi SL„) of the type A affine Grassmannian Gr sl„- For the affine 
Grassmannians Gr^ for G of classical type, analogous symmetric functions have been de- 
fined [HH 1131] . However, only for the analogues of dual /c-Schur functions, is an explicit 
monomial expansion known. The classical analogues of fe-Schur functions are only defined 
by duality and little is known about their combinatorics. 

There is an equivariant or "double" analogue of fc-Schur functions, called /c-double 
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Schur functions [89j, which are to /c-Schur functions what double Schubert polynomials 
are to Schubert polynomials. These are symmetric functions for the Schubert bases of 
the equivariant homology Ht{Gvsl„) and H'^{GvsLn) for the "small torus" T, a maximal 
torus in G (as opposed to the maximal torus in the affine Kac-Moody group). The k- 
Schur functions are recovered from their double analogues by setting some variables to 
zero. Aside from setting up the correct symmetric function rings and bases, the only 
combinatorial result in this context is a Fieri rule for Ht{Gisl„)- 

Essentially all of the general theory presented here has an analogue in ii'-theory, which 
carries more information than (co)homology. Passing from the A:-Schur function to its 
X-theoretic analogue, is like passing from a Schubert polynomial to a Grothendieck poly- 
nomial. For the affine Grassmannian, as in (co)homology one again has a pair of dual Hopf 
algebras, but one obtains two pairs of dual bases; both algebras have a structure sheaf basis 
and an ideal sheaf basis. Kostant and Kumar developed the torus-equivariant iC-theory of 
Kac-Moody homogeneous spaces [76] and Feterson's theory can be carried out in i^-theory 
as well [85]. In particular Feterson's j-basis (see Chapter |4j Section 4.5), which is defined 
algebraically using a leading term condition for an expansion in the divided difference basis, 
has an analogue (called the /c-basis in [85j) that corresponds to ideal sheaves of Schubert 
varieties in the affine Grassmannian. Feterson's "quantum equals affine" theorem \130\ [88] 
(see Chapter |4| Section 4.7) has an analogue in ET-theory: the structure sheaves of opposite 
Schubert varieties in the quantum i^-theory QK^ {G/ B) of ffiiite-dimensional flag varieties 
G/B, appear to multiply in the same way as the structure sheaves of the Schubert varieties 
in the X-homology Kt{Gtg) of the affine Grassmannian [83j. To establish this connection 
one must prove a conjectural Chevalley formula of Lenart and Fostnikov |110l Conjecture 
17.1] for quantum K-theory. 
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Sage |143| is a completely open source general purpose mathematical software system. 
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which appeared under the leadership of William Stein (University of Washington) and has 
developed explosively within the last five years. It is similar to Maple, MuPAD, Math- 
EMATICA, Magma, and up to some point Matlab, and is based on the popular Python 
programming language. Sage has gained strong momentum in the mathematics commu- 
nity far beyond its initial focus in number theory, in particular in the field of combinatorics, 
see |144| . 

Tutorials and instructions on how to install Sage can be found at the main Sage 
website http : //www . sagemath . org/. 

Many aspects related to fc-Schur functions and symmetric functions in general have 
been implemented in Sage and in fact are still being developed as an on-going project. 
Throughout the text we provide many examples on how to use Sage to do calculations 
related to /c-Schur functions. Further information about the latest code and developments 
can be obtained from the Sage-Combinat website jl44j . 



Chapter 2 

Primer on /c-Schur Functions 



Jennifer Morse Anne Schilling and Mike Zabrocki|^ 
morse j @math . drexel . edu, anneOmath . ucdavis . edu, zabrockiSmathstat . yorku . ca 

based on lectures by Luc Lapointe and Jennifer Morse 
lapoiiite@inst-mat.utalca.cl and morsej@math.drexel.edu 

The purpose of this chapter is to outhne some of the results and open problems related 
to /c-Schur functions, mostly in the setting of symmetric function theory. This chapter 
roughly follows the outline of several talks given by Luc Lapointe and Jennifer Morse at a 
conference titled "Affine Schubert Calculus" held in July of 2010 at the Fields Institute in 
Toronto B 

In addition it presents many examples based on code written in Sage [143^ I144j by 
Jason Bandlow, Nicolas M. Thiery, the last two authors, and many other Sage developers. 
The following presentation is intended to give both an idea of the origins of the A;-Schur 
functions as well as the current ideas and computational tools which have been most 
productive for demonstrating their properties. 

We will present almost no proofs in this chapter, but rather refer to the original articles 
for detailed arguments. Instead the concepts are illustrated with many Sage examples to 
highlight how to discover and experiment with many of the still open conjectures related 
to A;-Schur functions. The purpose behind most of the Sage examples is to demonstrate 
the formulas with examples and to give the commands that would allow a first time user 
of Sage to be able to use the functions to generate data that they might need for their 
own research. 

^The author was supported by NSF gant DMS-0652641, DMS-0652668, DMS-1001898. 
^The author was supported by NSF grants DMS-0652641, DMS-0652652, DMS-1001256, and OCI- 
1147247. 

^The author was supported by NSERC 

''see http : //www .fields .ut or onto . ca/programs/ scientific/ 10-11/schubert/ 
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CHAPTER 2. PRIMER ON K-SCHUR FUNCTIONS 



Section [T] reviews much of the combinatorial background of fc-Schur theory including 
partitions, cores, (partial) orders on the affine symmetric group, and some symmetric 
function theory. This section also sets up the combinatorial backdrop needed to give the 
Fieri rules for /c-Schur functions and their duals. In Section[2| we define a parameterless {t = 
1) family of fc-Schur functions using an analogue of the Fieri rule for Schur functions |95j . 
This definition is used to relate fc-Schur functions to the geometry and to Stanley symmetric 
functions discussed in Chapter [s] We also give the dual Fieri rule [81] which gives rise to a 
monomial expansion of the A:-Schur functions. The Fieri and dual Fieri rule motivate the 
definition of weak and strong order tableaux. 

In Sectionjsj we present four conjecturally equivalent definitions of the /c-Schur functions 
for generic t. Some are known to be equivalent when t = 1. The first definition of k- 
Schur functions appeared in a paper by Lapointe, Lascoux and Morse and is purely 
combinatorial in nature; defined as a sum over certain classes of tableaux called atoms. 
Lapointe and Morse |93j followed this paper by defining symmetric functions which were 
defined by algebraic operations instead of a sum over combinatorial objects. The last 
two definitions of the A;-Schur functions with a generic parameter t are defined along lines 
similar to the parameterless /c-Schur functions, but now a t-statistic is introduced on weak 
(resp. strong) order tableaux. 

In Section [4] we present many of the properties of fc-Schur functions and outline what is 
known about which property for each of the definitions. This is followed by Section [5] which 
contains further research directions and many conjectures that remain to be resolved (and 
hence the content is likely to change in the future) ! Section [g] explains the duality between 
strong and weak order in terms of a /c-analogue of the Robinson-Schensted-Knuth algo- 
rithm, which gives rise to an affine insertion algorithm. We present part of this algorithm 
by giving a bijection between permutations and pairs of tableaux. Finally in Section [7] 
some details about the branching from k to (k + 1)-Schur functions are given. 

1 Background and notation 

1.1 Partitions and cores 

A partition A = (Ai, A2, • . . , ^e(\)) of m is a sequence of weakly decreasing positive integers 
which sum to m = Ai + A2 + • • • + ^e{X) ■ The value of m is called the size of the partition and 
this will be denoted by |A|. The entries of the partition are called the parts and the number 
of parts of the partition is denoted by ^(A). As a general convention, if i > then Aj = 
and the definition of symmetric functions (which turn out to be indexed by partitions) 

given later in this section respects this convention. The statistic n(A) = Ylt=ii''' ~ 1)-^* 
partitions has a value between and m{m — l)/2 for partitions of m and this will arise in 
the definitions of symmetric functions. A partition A is called k-bounded if Ai < k. The 
notation A h m indicates that A is a partition of m and generally we reserve the symbols 
A, fi, V to denote partitions. 
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A partition will be identified with its Young (or Ferrers) diagram. This is a diagram 
consisting of square cells arranged in left justified rows stacked on top of each other with 
the largest row with Ai cells on the bottom. (This convention is also called the French 
notation; when stacking the rows with the largest row at the top is called the English 
convention). Alternatively, a Young diagram is a collection of cells in the first quadrant 
of the (x,y)-plane with dg(A) = ■ 1 < i < i{X) and 1 < j < Aj} represented as 

boxes in the Cartesian plane so that the upper right hand corner of a cell has coordinate 
which is in this collection. For consistency with other references we have chosen that the 
first coordinate represents the row and the second coordinate represents the column (each 
beginning at 1 for the first row and column). For an example the Young diagram for the 
partition A = (4, 3, 3, 3, 2, 2, 1) is drawn in Example |1.1[ 

There is a partial order on partitions that arises naturally in symmetric functions when 
ordering basis elements. For two partitions A,^ such that |A| = we say that A < /i if 
Y^i=i ^ X]i=i M« all r > 1. This is usually referred to as the dominance order on 
partitions. 

The conjugate of a partition A is the sequence A' = {X'l, X'2, . . . , X'^ ) where A^ = #{i : 
Ai > r}. Alternatively, this can be seen on Young diagrams by reflecting the diagram in 
the X = y line of the coordinate plane so that dg(A') = {{j,i) ■ {i,j) £ dg(A)}. For example 
in Example [TT] below. A' = (7,6,4,1) for the partition A = (4,3,3,3,2,2,1). 

For many uses we will need to refer to the number of parts of a partition of a given size 
i and this will be denoted by mj(A) = #{j : Xj = i}. The quantity 

^A=n"^^(^)' ^""^^^ (1-1) 

i>l 

is the size of the stabilizer of a permutation a S Sm, the symmetric group on m = \X\ 
letters, whose cycle type is A under the conjugation action of Sm- That is, if a has cycle 
type A, then zx = #{t e Sm ■ TaT~^ = a}. Since we know that all permutations with the 
same cycle type are conjugate, the number of permutations with cycle type A is equal to 
m\/zx. 

Each cell in a partition A has a hook length which consists of the number of cells in 
the column above and in the row to the right (including the cell itself). Namely, for a cell 
(i,j) G dg(A), the hook length of the cell is hookx{i, j) = Aj + A^ — + In Example 1.1 
below hook(4^3 3^3^2,2,1) (3, 2) = 5 = A3 + A2 - 3 - 2 + 1. 

For a partition A with Ai < define the k-split of A as a sequence of partitions (which 
will be denoted by A~^*^) recursively. If Ai + ^(A) — 1 < A;, then A~*'*^ = (A). Otherwise, 

A^'' = ((Al, A2, . . . , Afc_Ai+l), (Afc-Ai+2, Aa;-Ai+3, • • • , Xi(^x))^^) ■ (1-2) 

In other words, the A:-split of a partition is found by removing the first parts of the partition 
with hook k repeatedly until that is no longer possible. 
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Example 1.1. The Young diagram for the partition A = (4, 3, 3, 3, 2, 2, 1) is the diagram 
on the left and its conjugate partition A' = (7, 6, 4, 1) is the diagram in the center. 



The diagram on the right is the Young diagram for the partition A = (4, 3, 3, 3, 2, 2, 1) with 
the cells that are in the hook of the cell (3, 2) shaded in. In this case hookA(3, 2) = 5. The 
4-split of A is A^^ = ((4), (3, 3), (3, 2), (2, 1)) and the 5-split is A^^ = ((4, 3), (3, 3, 2), (2, 1)). 



We will use the realization of the Young diagram as the set of cells in our notation and 
define A C ^ if dg(A) C dg(^). This forms a lattice, also known as the Young lattice, on set 
of partitions and the cover relation is given by A — )• if A C ^ and |A| + 1 = The lattice 
is graded by the size of the partition and the first 6 levels of the infinite Hasse diagram are 



shown in Figure 2.1 








Figure 2.1: The Young lattice of partitions (up to those of size 5) ordered by inclusion 
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There are several special types of containments of partitions that will arise in this 
discussion. If A C /i, then fi/X is called a skew partition and it will represent the cells 
which are in dg(^)/dg(A), with the / here representing the difference of sets. We call fi/X 
connected if for any two cells there is a sequence of cells in fi/X from one to the other where 
consecutive cells share an edge. We say that fi/X is a horizontal (vertical) strip if there is 
at most one cell in each column (row) of /^/A. The skew partition n/X is called a ribbon if 
it does not contain any 2x2 subset of cells. 

Sage Example 1.2. We now demonstrate how to access partitions and their properties 
in the open source computer algebra system Sage (see Appendix [A|) . We begin by listing 
all partitions of 4: 

sage: P = Partitions (4) ; P 
Partitions of the integer 4 
sage: P.listO 

[[4], [3, 1], [2, 2], [2, 1, 1], [1, 1, 1, 1]] 

We can check how two partitions A and /i relate in the dominance order 

sage: la=Partition( [2 , 2] ) ; mu=Partition( [3 , 1] ) 

sage: mu. dominates (la) 

True 

and draw the entire Hasse diagram 

sage: ord = lambda x,y: y. dominates (x) 

sage: P = Poset( [Partitions (6) , ord], facade=True) 

sage: H = P.hasse_diagram() 

sage: view(H) 

which outputs the graph. We can also compute the conjugate of a partition, its /c-split 

sage : la=Partition ([4,3,3,3,2,2,1]) 

sage: la. conjugate () 

[7, 6, 4, 1] 

sage: la.k_split(4) 

[[4] , [3, 3] , [3, 2] , [2, 1]] 

and create skew partitions 

sage: p = SkewPartition( [ [2 , 1] , [1] ] ) 

sage: p . is_connected() 

False 
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1.2 Bounded partitions, cores, and afRne Grassmannian elements 

We will see that /c-Schur functions are symmetric functions indexed by A;-bounded partitions 
and consequently, the underlying combinatorial framework we need often comes out of a 
refinement of classical ideas in the theory of partitions. As it happens, the set of A;-bounded 
partitions is in bijection with several different sets of natural combinatorial objects and 
often the fc-Schur function setting is better expressed in those terms. To this end, we begin 
with a discussion of several other examples of the indexing set. 

As with the fc-bounded partitions, we are interested in another special subset of parti- 
tions. In particular, an r-core is a shape where none of its cells have a hook-length equal 
to r. We denote the set of all r-cores by Cr- When we consider a partition as a core, the 
notion of size differs from the usual notion (where size counts the number of cells in the 
shape). In contrast, the relevant notion of size on a (A;+ l)-core is to count only the number 
of cells which have a hook- length smaller than k + 1. We call this the length of the core. 
For a (A; -|- l)-core k, its length will be denoted by l^lfe+i or simply |k| if it is clear from 
the context that k is viewed as a (fc -|- l)-core. As A; — )• oo, this becomes the usual size of 
the partition. Later in this section, we will see that the length is related to the length of 
elements in the affine symmetric group. Now, we give the connection between cores and 
bounded partitions. 

Proposition 1.3. (W5l Theorem 7]) There is a bijection between the set of {k + l)-cores 
K with l^lfc+i = m and partitions \ \- m with Xi < k. 

The bijection from {k + l)-cores to A;-bounded partitions is 

p : nh^ X, 



defined by setting 



= e K : hooK{i,j) < k} 



:i.3) 



Example 1.4. The partition (12,8,5,5,2,2,1) on the left is a 5-core since there are no 
cells in its Ferrers diagram with hook- length equal to 5. Equation (1.3) tells us how to 



applying p to this core to obtain a 4-bounded partition; delete each cell in the diagram for 
the 5-core whose hook- length exceeds 5 and then sliding all remaining cells to the left. 



TTTl 



The first part of the resulting partition is at most 4. 



The other direction of the bijection is also not difficult. Consider a /c-bounded partition 
and work from the smallest part of the partition to the largest and slide the cells to the right 
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until it is a (/c + l)-core. Here is a description of the procedure which can be followed with 
Example 1.5 Start with the top row A^(;^) of the A;-bounded partition A and successively 
move down a row. For a given row, calculate the hook lengths of its cells; if there is a cell 
with hook length greater than k, slide this row to the right until all cells have hook length 
less than or equal to k. Continue this process until all rows have been adjusted. The end 
result will be a (fc + l)-core which we shall denote by Cfc(A) or just c(A) if k is clear from 
the context. 



Example 1.5. The partition (4, 3, 3, 3, 2, 2, 1) is a 4-bounded partition. Here we draw the 
successive slides of the rows until we reach a 5-core: 



IX 



Sage Example 1.6. Here is the way to compute the map c in Sage: 

sage: la = Partition( [4,3,3,3,2,2, 1] ) 
sage: kappa = la.k_skew(4) ; kappa 
[[12, 8, 5, 5, 2, 2, 1], [8, 5, 2, 2]] 

For the inverse p we write 

sage: kappa. row_lengths() 
[4, 3, 3, 3, 2, 2, 1] 

If one is only handed the 5-core (12, 8, 5, 5, 2, 2, 1) instead of the skew partition, one can do 
the following: 

sage: tau = Core ( [12,8,5,5,2,2, 1] ,5) 
sage: mu = tau. to_bounded_partition() ; mu 
[4, 3, 3, 3, 2, 2, 1] 
sage: mu.to_core(4) 
[12, 8, 5, 5, 2, 2, 1] 

All 3-cores of length 6 can be listed as: 

sage : Cores (3,6) . list () 

[[6, 4, 2], [5, 3, 1, 1], [4, 2, 2, 1, 1], [3, 3, 2, 2, 1, 1]] 

We now turn our attention to the third set of objects that is in bijection with the set of 
/c-bounded partitions (and the set of {k + l)-cores). These come out of studying the type A 
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afHne Weyl group and its realization as the affine symmetric group Sn given by generators 
{so, si, . . . , Sn-i} satisfying the relations 

si = 1, 

SiSi+iSi = Si+is,s,i,+i, (1.4) 
SiSj = SjSi for i — j ^ 0, 1, n — 1 (mod n) 

with all indices related (mod n). Hereafter, we shall reserve parameters n and k and we 
will set n = A; + 1 throughout. 

There is a subset of the elements in Sn that is particularly conducive to combinatorics 
in large part because it is in bijcction with the set of A;-bounded partitions and of (k + 1)- 
cores. Note that the symmetric group Sn generated by {si, S2, ■ ■ ■ , Sn-i} is a subgroup, 
where the element Si represents the permutation which interchanges i and i + 1. We will 
refer to the left cosets of Sn/Sn as affine Grassmannian elements and they will be identified 
with their minimal length coset representatives, that is, the elements of w ^ Sn such that 
cither w = id or sq is the only elementary transposition such that 1{wsq) < i(w). 

Remark 1.7. The definition of affine Grassmannian elements are the special case of a more 
general definition. The /-Grassmannian elements arc the minimal length coset representa- 
tives of Sn/ S\^ where S*^ is the group generated by {sq, si, S2, • • • , and the affine 
Grassmannian elements are the 0- Grassmannian elements. Due to the cyclic symmetry of 
the affine type A Dynkin diagram, these constructions are of course all equivalent. 

Sage Example 1.8. We can create the affine symmetric group and its generators in Sage 
as 

sage: W = WeylGroupC ['A' ,4, 1] ) 
sage: S = W. simple_ref lections () 
sage: [s .reduced_word() for s in S] 
[[0], [1], [2], [3], [4]] 

For a given element, we can ask for its reduced word or create it from a word in the 
generators and ask whether it is Grassmannian: 

sage: w = W.an_element() ; w 
[ 2 1 -2] 
[ 2 -1] 
[1 1 0-1] 
[1 1 0-1] 
[1 1-1] 
sage: w.reduced_word() 
[0, 1, 2, 3, 4] 

sage: w = W.from_reduced_word( [2,1,0] ) 
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sage: w. is_af f iiie_grassmanniaii() 
True 

Proposition 1.9. 1104^ 1951 Proposition 40] There is a bijection between the collection of 
cosets Sk+i/ Sk+i whose minimal length representative has length m and {k + l)-cores of 
length m. 



The bijection of Proposition 1.9 is defined by an action of the affine symmetric group 
on cores. It suffices to define the left action of the generators Si of the affine symmetric 
group on {k + l)-cores. The diagonal index or content of a cell c = {i,j) in the diagram for 
a core is j — i. We will often instead be concerned with the residue of c, denoted by res(c), 
which is the diagonal index mod k + 1. We call a cell c an addable corner of a partition 
H if dg(/i) U {c} is the diagram for a partition and a cell c is a removable corner of if 
dg(/i)\{c} is diagram for a partition. 

Definition 1.10. |104j \95\ Definition 18] For k a (A; + l)-core, let Si ■ k he the partition 
with 

1. if there is at least one addable corner of residue i, then the result is k with all addable 
corners of k of residue i added, 

2. if there is at least one removable corner of residue i, then the result is k with all 
removable corners of k of residue i removed, 

3. otherwise, the result is k. 

Example 1.11. Consider the 5-core, (7,3, 1). If we draw its Ferrers diagrams and label 
each of the cells with the content modulo 5 we have the following diagram 
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3I4I0I1I 



This diagram has addable corners with residue 2 and 4 and removable corners with residue 
1 and 3 and all cells of residue are neither addable nor removable. Therefore, S2 ■ 
(7, 3, 1) = (8, 4, 1, 1), S4 • (7, 3, 1) = (7, 3, 2), si ■ (7, 3, 1) = (6, 2, 1), S3 ■ (7, 3, 1) = (7, 3), 
so -(7, 3,1) = (7,3,1). 

Sage Example 1.12. In Sage we can get the affine symmetric group action on cores as 
follows: 

sage: c = Core ( [7,3, 1] ,5) 

sage : c . af f ine_symmetric_group_simple_action(2) 
[8, 4, 1, 1] 

sage : c . af f ine_syininetric_group_simple_action(0) 
[7, 3, 1] 
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We can also check directly that the set of affine Grassmannian elements of given length 
are in bijection with the corresponding cores: 

sage: k=4; length=3 

sage: W = WeylGroupC ['A' ,k, 1] ) 

sage: G = W. af f ine_grassmannian_elenients_of _given_length(length) 
sage: [w.reduced_word() for w in G] 
[[2, 1, 0] , [4, 1, 0] , [3, 4, 0]] 



sage: C = Cores (k+1 , length) 

sage: [c.to_grassmannian() .reduced_word() for c in C] 
[[2, 1, 0] , [4, 1, 0] , [3, 4, 0]] 

The bijection of Proposition [L9] is realized by taking a reduced word for an affine Grass- 
mannian and acting on the empty (A: + l)-core. The resulting (A: + l)-core is the image of the 
bijection. \95\ Corollary 48] then states that the reverse bijection can be found by taking 
A = p(k) and forming the element in the affine symmetric group Si.es(ci)'5res(c2) " ' ' ■5res(cm)) 
where ci,C2, . . . , Cm are the cells of dg(A) read from the smallest row to the largest with 
each read from right to left. 

We denote the map which sends {k+l)-core k to the corresponding affine Grassmannian 
element by o(k) = Wn- Since {k + l)-cores and /c-bounded partitions are in bijection, we 
will also use the notation a(A) = wx to represent the map from a fc-bounded partition A to 
an affine Grassmannian element. 



Example 1.13. Consider the reduced word, 



W = S1S0S4S2SSS1S0S4S1S2S3S1S0S4SSS2S1S0 . 



We apply this word on the left on an empty 5-core to build up the result. The sequence of 
applications builds the core as follows: 
















1 




n 1 1 141^ 






1 lUI^ 








1 11 







2 






T 








4 


















2 






























1 1 1 — > 










1 121^ 










1 1 1 1^ 










MM 



1. BACKGROUND AND NOTATION 



23 



1 


















4 

























































4 

































1 1 141^ 
















1 1 10 





1 














1 
































1 




















1 1 111 



and hence the resulting 5-core is o~^(w) = (12, 8, 5, 5, 2, 2, 1). 

The reverse bijection comes from reading the residues of the corresponding 4-bounded 
partition (4, 3, 3, 3, 2, 2, 1) from the smahest row to the largest row, and from right to left 
within the rows. For example: 
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is sent under a to the word 

w' = S4S1S0S2S1S4S3S2S0S4S3S1S0S4S3S2S1S0 . 

It is not difficult to show that w is equivalent to w'. 

Sage Example 1.14. Wc can verify the previous example in Sage. 

sage: la = Partition( [4,3,3,3,2,2 , 1] ) 

sage: c = la.to_core(4) ; c 

[12, 8, 5, 5, 2, 2, 1] 

sage: W = WeylGroupC ['A' ,4, 1] ) 

sage: w = W.from_reduced_word( [4, 1 , 0,2, 1 ,4,3,2,0 ,4,3, 1 ,0,4,3,2 , 1 ,0] ) 

sage: c.to_grassmaiinian() == w 

True 

The affine symmetric group Sn can also be thought of as the group of permutations 
of Z with the property that for w € Sn wc have w{i + rn) = tt;(i) + rn for all r G Z. 
We can choose the convention that the elements Sj G Sn for < i < n — 1 act on Z by 
Si{i + rn) = i + 1 + rn, Si{i + 1 + rn) = i + rn, and Si{j) = j for j ^ i,i + 1 (mod n). 
While the elements Si generate the group, there is also the notion of a general transposition 
tij which generalizes this notion by interchanging i and j (mod n). Take integers i < j 
with i ^ j (mod n) and v = [{j — i)/n\, then = Si and for j — i > 1, 

tij — SjSj-|-iSj-|-2 ■ ■ ■ Sj—D—2^j—v—l^j—v—2^j—v—3 ' ' ' ^i+l^i 



where all of the indices of the Sm are taken (mod n). For j > i, we set Uj 
generalize the elements Si by their action tij{i + rn) = j + rn, tij{j + rn) 
tij{£) = i for i ^ i,j (mod n). It is not hard to show that 



tji • The tij 
■ i + rn and 



UjW 



wt. 



'w~^ {i)w~^ {j) 1 
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which allows us to define a left as well as a right action on affine permutations. Here we 
state the results in terms of the left action. 

The elements w G Sn are determined by the action of w on the values 1 through n since 
this determines the action on all of Z since w{i + rn) = w{i) + rn. Any affine permutation 
must also satisfy X^-Li w{i) — i = 0. li w is represented in two line notation, 

-2-1012 
••• w{-2) w{-l) w{0) w{l) w{2) ■■■ 

then tijW is obtained from w by exchanging i + rn and j + rn in the lower row of the two 
line notation for w. We also have that wtij is obtained from w by exchanging w{i + rn) 
and ■w{j + rn). An element is affine Grassmannian if w{l) < 'w{2) < ■ ■ ■ < w(n). The tuple 
of values [w{l),w{2), . . . , ttj(n)] is referred to as the window notation for w. 

There is a close relationship between the action of on integers and on cores. This 
relationship is best demonstrated by an example before we give the precise statement. 

Example 1.15. Start with n = k + 1 = 3 and the affine Grassmannian element w = 
S1S0S2S1S0 that has window notation [w{l),w{2),w{3)] = [—2,0,8]. We can use this to 
determine that is given in two line notation as 

-7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 ••• 
= ■■■ -12 -4 -2 -9 -1 1 -6 2 4 -3 5 7 8 10 ••• 

Now we notice in this notation that w~^{d) < for all integers d < —3 (and for any affine 
permutation there will always be an integer d' such that w~^{d) < for all d < d'). We 
also see that for all integers d > 6 we have w~^{d) > (and for any affine permutation 
there will always be a value D' such that w~^{d) > for all d > D'). 

Now consider the integers — 2 < d < 5 (which are the integers strictly between these 
two values d' = —3 and D' = 6). Reading from left to right in the two line notation, we 
construct a path consisting of East and South steps where for each d such that w~^{d) < 
we place a South step, and for each d such that w~^{d) > we place an East step. In this 
example we are looking at the sequence 

-2 -1 1 2 3 4 5 
1 -6 2 4 -3 5 7 

in order to create this path. The way we have chosen our d' and D' the first step of this 
path will always be East and the last step will always be South. In this example we have 
the path: 
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It is the case that c(2,2, 1) = (5,3,1) and corresponds to the affine permutations w = 
S1S0S2S1S0 = a(2, 2, 1) by the other bijections. 

The action of tij on the two hne notation for w can be translated into the action for tij 
on the two line notation for w~^. Since we have {tijw)~^ = w~^tij, then the same action 
of left multiplication by tij on w has the effect of exchanging w~^{i + rn) and w~^{j + rn) 
in the two line notation for 'w~^. Similarly, right multiplication by tij on w has the effect 
of exchanging the values of i + rn and j + rn in the two line notation for w~^. 

As in our example above, the two line notation for keeps track of the outline of the 
(fc + l)-core representing the affine permutation. The two line notation for represents 
an infinite path where the and negative values represent South steps and the positive 
values represent East steps. There is some point d' for which all steps before are South 
and another point D' where all steps after are East. Between d' and D' there is a path 
which traces the outline of a (A; + l)-core. Notice that when w = is the identity, then 
d' = and D' = 1 and the path between these two points represents the empty core. 

We can work out precisely what the action of the transpositions Si and tij are on this 
path and we will see that left multiplication by Si on w has the same effect on this path 



as the action that Si has on the {k + l)-core given in Definition 1.10 If left multiplication 
on w by an Sj increases the length by 1, then on the sequence of values of w~^{i) this has 
the effect of interchanging a negative value which lies to the left of a positive value. On 
the path consisting of South steps for negative values and East steps for positive values, 
interchanging a South step that comes just before an East step has the effect of adding a 
cell on the path representing the core. 

Although we have limited ourselves to affine permutations, fc-bounded partitions and 
k + 1-cores, we note that there are are other useful ways to describe the set such as with 
abaci or bit sequences that we do not discuss. 



1.3 Weak order and horizontal chains 

Because our indexing set comes from a quotient of Sk+i, and every Coxeter system is 
naturally equipped with the weak and the strong (Bruhat) orders, the close study of the 
weak and strong order posets on Sk+i is called for. Here we examine posets that are 
isomorphic to the weak subposet on affine Grassmannian elements and whose vertices are 
given by the set of A;-bounded partitions and by the set of {k + l)-cores. 

The (left) weak order is defined by saying that w is less than or equal to v in 5^+1 if 
and only if there is some u G S^+i such that uw = v and £{u) + i{w) = i{v). We denote 
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a cover in (left) weak order by — that is, w — v if and only if there is some Sj € S^+i 
such that SiW = v and i{w) + 1 = i{v). The affine Weyl group of type A forms a lattice 
under inclusion in the weak order (this is known due to results of Waugh |154j ) . 

Now given the bijection between Sk+i/Sk+i and /c-bounded partitions or (fe + l)-cores, 
it is natural to question how weak order — is characterized on these other sets. On the 
set of {k + l)-cores, the weak order relation can be framed in terms of the action of the 
elements Sj. This result can be found in [T0U[TT8] and is restated in a similar form in |8H 
Lemma 8.6]. 

Proposition 1.16. If k and r are {k + l)-cores with = ItI^+i + 1, then r — t-^ k if 

and only if there exists an i such that k = Si- t. 

Remark 1.17. It follows that — can also be characterized on {k + l)-cores by r — k if 
and only if all cells in k/t have the same k + 1-residue. 




Figure 2.2: The lattice of 3-cores (up to those of length 6), which correspond to the 
2-bounded partitions, ordered by the weak order. 

The characterization of the weak order poset on Sn/Sn on the level of fc-bounded 
partitions is inspired by viewing the Young covering relation as A — )• if A C ^ and A' C ^' 
and |A| + 1 = |/i|. Of course, A' C ^' if and only if A C ^. However, working on the subset 
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Figure 2.3: The lattice of 4-cores (up to those of length 6), which correspond to the 
3-bounded partitions, ordered by the weak order. 



of fc-bounded partitions, there is a generalization of conjugation under which this is not a 
superfluous condition. 

Definition 1.18. Let A be a A;-bounded partition. Then the k-conjugate of A is defined as 

A-^ := p(c(A)'). 

Sage Example 1.19. We can obtain the 4-conjugate of the partition (4,3,3,3,2,2,1) 
from the last partition in Example |1.5| by reading off the column lengths of the unshaded 
boxes in each column. In Sage: 

sage: la = Partition( [4,3,3,3,2,2, 1] ) 

sage: la.k_conjugate(4) 

[3, 2, 2, 2, 2, 1, 1, 1, 1, 1, 1, 1] 

Proposition 1.20. (^95, Corollary 25]) For k-bounded partitions A and fi, A — fi if and 

only if fi, A'^'= C ^'^fc, and |A| + 1 = 

We now turn our attention to a distinguished set of saturated chains. Recall that 
partitions can be viewed as saturated chains in the Young lattice. The chains described 
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by horizontal strips (skew shapes with at most one cell in any column) are particularly 
important; in Section [2 . 1 1 these chains describe the Fieri rule for Schur functions and they 
are fundamental in the definition of semi-standard tableaux. A refined notion of horizontal 
strips was introduced in [95] to play a similar central role in the combinatorics of A;-Schur 
functions, see also Section [212) 

Crudely, we define a weak horizontal strip of size r < A; to be a horizontal strip k/t of 
{k + l)-cores k and r such that there exists a saturated chain 

r^fcr«^fcT(2)^,...^,rM = K. (1.5) 

It is helpful to instead think of these strips as the skew k/t of {k + l)-cores k and r, where 

k/t \s a horizontal strip (1-6) 
\K\k+i = \T\k+i + r (1.7) 
there are exactly r residues in the set of cells of k/t. (1-8) 



We discussed how the weak order is naturally realized on /c-bounded partitions and 
affine Grassmannian elements and it is also worthwhile to rephrase the notion of strips in 
these different contexts. 

In the fc-bounded partition framework (for example, useful in [921 ES EH ESI EJ), the 
notion of weak horizontal strip is defined to be a horizontal strip ///A where /X^'^ is 
a vertical strip. This characterization is motivated by the following result about weak 
horizontal strips. 

Proposition 1.21. (195^ Section 9] Let t Q k be {k + l)-cores. Then k/t forms a weak 
horizontal strip if and only if p{k)/p{t) is a horizontal strip and p{k')/p{t') is a vertical 
strip. 

It is important to note that it is not sufficient to characterize k/t being a weak hori- 
zontal strip by assuming that p{k)/p{t) is a horizontal strip. A good example of this can 



be observed in Figure 2.3 Consider the 4-cores k = (4, 1) and r = (2, 1). We note that 
P{k) = (3, 1) and p(r) = (2, 1) and so even though we see that p(K)/p(r) is a horizontal 
strip, there does not exist a path from the 4-core (2, 1) to (4, 1) in the lattice. If we consider 
the conjugate partitions, we see that p{k') = (1, 1, 1, 1) and p(r') = (2, 1) and so p(K')/p(r') 
is not a vertical strip. 

Before we discuss the notion of weak horizontal strip in the framework of affine permu- 
tations, we give an alternative description of the /c-conjugate and the map c from A;-bounded 
partitions to {k + l)-cores that was communicated to us by Karola Meszaros |123| . Let 
A = (Ai, A2, . . . , A^) be a A;-bounded partition. Start from the longest part of A, namely 
Ai, and successively connect a row of length i to the (fc + 1 — i)th row above. Call this a 
string. Repeat this with the next longest part that is not yet part of a string until all parts 
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of A are part of a string. Denote by {v^ ,£2 ^ • • •} the parts of A in the jth string where 
^ ^ j ^ r. Then 

(A-^)' = (4^) + + . . . , £f ) + + ...,..., £M + 4-) + ... ). (1.9) 

Similarly, the ith part of c(A) is obtained by adding all elements in the string containing Aj 
that are smaller or equal to Aj (or equivalently, all elements in the string of Aj above Aj). 

Example 1.22. Let A = (3, 3, 3, 2, 1) with k = 4. Then the strings are as follows: 

A5 
A..1 
A, 
A2 
Ai 

and 

(A(^))' = (Ai + A3 + As, A2 + A4) = (7, 5), 
c(A) = (Ai + A3 + As, A2 + A4, A3 + As, A4, As) = (7, 5, 4, 2, 1). 

Lastly, we interpret horizontal chains in the framework of affine permutations. In par- 
ticular, weak horizontal strips are the cyclically decreasing elements of S^+i/ Sk+i- These 
are affine Grassmannian elements w where w = Si^ ■ ■ ■ Si^ for a sequence ii - ■ ■ such that no 
number is repeated and j precedes j—1 (taken modulo fc+l) when both j, j—1 G {ii, . . . ,ii}. 
Then, based on the following proposition, a weak horizontal strip can be thought of as a 
pair of affine Grassmannian elements v and w where uw = v and £{u) + i{w) = i{v) for 
some cyclically decreasing u. 

Proposition 1.23. Let t C n be (k + l)-cores. Then k/t forms a weak horizontal strip if 
and only if k = Si^ ■ ■ ■ Si^T for some cyclically decreasing element w = Si^ ■ ■ ■ Si^. 

1.4 Cores and the strong order of the afRne symmetric group 

We are now ready to discuss the strong (Bruhat) order, starting from the core viewpoint 
\\2Q\ I104j . A strong cover is defined on A: + 1 cores by 

T K <^=^ |p(''")l + 1 = |p(^)l and tCk. 

When a pair of cores satisfies r k, their skew diagram has is made up of ribbons. To 
be precise, the head of a connected ribbon is the southeast most cell of the ribbon and the 
tail is the northwest most corner. Then (see [811 Proposition 9.5]): 
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• each connected component of k/t is a ribbon and they are all identical translates 
each other; 

• the residues of the heads of the connected components must all be the same and must 
lie on consecutive positions of those residues (the term 'consecutive' here means that 
if two heads are separated by a multiple of /c + 1 cells by a taxicab distance then 
there is one which is exactly k + 1 distance that is in-between) . 

A strong marked cover is a strong cover along with a value c which indicates the content 
of the head of one of the copies of the ribbons. More precisely, we define a marking as a 
triple {k,t,c) where k,t are {k + l)-cores such that r ^ and c is a number which is 
j — i for the cell (the diagonal index of the cell) at position of the south-east most 
cell of the connected component of k/t which is marked. 

Example 1.24. Consider the 4-cores 

r = (19, 16, 13, 10, 7, 7, 5, 5, 3, 3, 1, 1, 1) ^3 (22, 19, 16, 13, 10, 7, 5, 5, 3, 3, 1, 1, 1) = k 
which correspond to the skew diagram 



This is a relatively large example, where k/t contains 5 different copies of 3 cells in a row. 
The marking, c, can be any one of the 5 values representing the content of the rightmost 
cell in the connected component, c G {21, 17, 13, 9, 5}. 

Example 1.25. The diagram for the poset of the strong order at /c = 2 is given in Figure 



2.4 and it can be read off the diagram that the strong covers of (3, 1, 1) with respect 
to this order are (5,3,1), (4,2,1,1) and (3,2,2,1,1). In particular, if r = (3,1,1) and 
n = (5, 3, 1), then (3, 1, 1) =^2 (5, 3, 1) because (5, 3, l)/(3, 1, 1) consists of two copies of a 
connected horizontal strip. This means that ((5, 3, l)/(3, 1, 1), 1) and ((5, 3, l)/(3, 1, 1), 4) 
are strong marked covers since the cells (2,3) and (1,5) are the coordinates of the heads 
of the horizontal strips and they have content 1 and 4 respectively. These are represented 
by the skew tableaux 
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Figure 2.4: The poset of 3-cores (up to those of length 6), ordered by the strong order 
(no markings) 



Although we started with a discussion of strong order in the setting of k + 1-cores, it 
comes from ordering elements u, w of the Coxeter system 5^+1 by 

w =^k u •^=^ UjW = u and i{w) + 1 = l(u) . 

The notion of marked covers can be interpreted in this framework as well. 

Proposition 1.26. 181, Section 2.3] Let t,h be two (k + l)-cores such that r =^,fc k and 
assume there is a marking of k/t at diagonal j — 1 and i is the diagonal index of the tail 
of the marked ribbon. Let w be the affine Grassmannian permutation corresponding to r 
and u the affine Grassmannian permutation corresponding to k. Then we have 

• w^'^{i) < < w~'^{j). 

• tijW = u. 

• The number of connected ribbons which are below the marked one is {—w~^{i) — a)/n 
where a = —w~^{i) (mod n) (the representative between and n). 
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Figure 2.5: The poset of 4-cores (up to those of length 6), ordered by the strong order (no 
markings) 



• The number of connected ribbons which are above the marked one is [w ^{j) — b)/n 
where b = w^^{j) {mod n) and the total number of connected components in h/t is 
1 + {-w~^{i) + w~'^{j) - a- b)/n. 

• The number of cells in the ribbon is j — i. 

• The height of the ribbon is the number of d such that i < d < j such that w~^{d) < 0. 

Example 1.27. Consider the 3-core r = (5,3, 1) which corresponds to the reduced word 
w = siSoS2'SiSo and which is also given by its action on the integers by [w{l),w{2),w{3)] = 
[-2, 0, 8]. Then t_io = t23 = ise = ^2 and k = t_io • (5, 3, 1) = (6, 4, 2). 



n 



Ml 



The three markings are on diagonal —1 and 2 and 5. Moreover since w ^(— 1) = — 6< 
< w-^{0) = 2, w-^(2) = -3 < < w;-^(3) = 5 and w-^{5) = < < w-^{6) = 8, these 
three transpositions satisfy the conditions of the proposition for each of the three marked 
strong covers. The right action is expressed as the element u;t_62 = «-'i-35 = wtos- 

The number of connected components is equal to 1 + (—w~^{i) + w~^{j) — a — b)/n 
which for j = and i = — 1 amounts to 1 + (6 + 2 — — 2)/3 = 3. 
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Example 1.28. The 4-core r in Example 1.24 corresponds to the reduced word 



W = S1S2S0S3S1S2S0S3S1S2S1S0S3S1S2S1S0S3S0S1S2S1S0S3S2S1S0 

and tiQ^22W = h^^isw = tu^uw = tj^iow = t^fiW represent the five strong covers with the 
left action and 10^0,19 = wi-4,i5 = ^^^-8,11 = ii'i-i2,7 = wt-i%,z represent the five strong 
covers with the right action. 

Remark 1.29. Recall that for two elements w,w' G 5'„ with (.{w') = l{w) + 1, w' is a 
cover of w in the (left) weak order if 

SiW = w' 

for some simple transposition Si and w' is a cover of w in the strong (or Bruhat) order if 

tijW = w' 

for some transposition tij. By analogy, since =^fc is a left multiplication by an afhne trans- 



position (Proposition 1.26) and — t-^ is left multiplication by a simple afhne transposition 



on cores (from Definition 1.10), the cover relations are called strong and weak covers, 
respectively. 

We have included the Hasse diagrams for the weak and strong orders for the poset of 3 



and 4-cores up to those of length 6 in Figures 2.2 through 2.5 Note that the strong order 
on cores does not form a lattice. 

Sage Example 1.30. We can produce the weak and strong covers of a given core 

sage: c = Core( [3, 1 , 1] ,3) 
sage: c . weak_covers() 
[[4, 2, 1, 1]] 
sage: c . strong_covers () 

[[5, 3, 1], [4, 2, 1, 1], [3, 2, 2, 1, 1]] 

as well as compare two {k + l)-cores with respect to weak and strong order 

sage: kappa = Core ( [4, 1] ,4) 
sage: tau = Core ( [2 , 1] ,4) 
sage: tau. weak_le (kappa) 
False 

sage: tau. strong_le (kappa) 
True 



Figure 2.3 can be reproduced in Sage via: 
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sage: C = sum(([c for c in Cores(4,m)] for m in range (7) ) , [] ) 

sage: ord = lambda x,y: x.weak_le(y) 

sage: P = Poset([C, ord], cover_relations = False) 

sage: H = P .hasse_diagram() 

sage: view(H) #optional 

As with the weak order poset, we are also concerned with certain chains in the strong 
order poset. A strong marked horizontal strip of size r is a succession of strong marked 
covers, 

K^^) ^, ^k---^k , (1.10) 

where the markings Cj associated to At*^*~^^ =^k i^^^^ satisfy ci < C2 < • • • < cv- 

Example 1.31. Consider the following sequence of 4-cores with the markings indicated 
on the diagram. 



i 



2* 
1* 






1213*1 



m ^3 m ^3 rm ^3 I I 1 ixi , or more compactly denoted 

This is not a strong marked horizontal strip because the markings ci = —1, C2 = —2, C3 = 3 
are not increasing. However, the same set of 4-cores with markings 



2 




1* 






1213*1 



m =>3 m =>3 rfiK\ ^3 I I 1 ixi , or more compactly denoted 

as shown have ci = — 1<C2 = 2<C3 = 3 and hence this is a strong marked horizontal 
strip. 

Remark 1.32. It is worth pointing out that when k is large, a succession of strong marked 
covers, 

n^'^ 1^^^^ ^k---^k 1^^'^ , (1.11) 

reduces to a saturated chain in Young's lattice where the condition that ci < C2 < ■ ■ ■ < Cr 
implies that k^'^^ / k^^^ is a horizontal strip. 

1.5 Symmetric functions 

The ring of symmetric functions shall be defined as 

A = q[hi,h2,h3,...], (1.12) 

the ring of polynomials in the generators hr- Here we are considering the ring A without 
reference to 'variables' for which there is a symmetric group action but we will now make 
explicit the connection with symmetric polynomials and symmetric series. 
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Let cr be a permutation that acts on the variables {xi, X2, X3, . . . , Xm} by a{xi) = x^^ 
and this action extends to polynomials. We call a polynomial S'm-invariant (or symmetric) if 
af{xi, X2, . . . , Xm) = f{xi, X2, ■ ■ ■ , Xm) for all a G Sm- This ring is identified with functions 
which are symmetric series in an arbitrary set of variables by setting 

hr[X]= ^ Xij^Xi^ ■ ■ ■ Xi^ (1-13) 

l<ii<i2<---<v 

and symmetric polynomials are then just a specialization of these series with a finite number 

of variables, hr[Xm] = T.i<i,<i2<-<ir<m^ii^i2 ' --Xir- 
For each partition A = (Ai, A2, . . . , \f.[\))-: we set 

hx[X] := hxAX]hx,[X] ■ • . (1.14) 

The set of these symmetric polynomials forms a linear basis for A. We will consider various 
bases for A. One such basis is the monomial basis 

mx[x]= (1-15) 

sort(a)=A 

where the sum is over all sequences a such that if the parts are arranged in weakly decreas- 
ing order the resulting sequence is the partition A. It is not hard to see from the definitions 
that the generators of A are related to the monomial symmetric functions by 

hr[X] = Y,^x[X] . (1.16) 

The hr are known as the complete homogeneous generators and the their products will be 
referred to as the complete homogeneous or simply homogeneous basis. 
The power sum generators are the elements 

Pr[X]=m^r)[X]=J2xl (1.17) 
i>l 

and the elementary generators are defined as 

er[X] = m(ir)[X] = ^ Xi^Xi^ ■ ■ ■ Xi^ . (1.18) 

l<ii<i2<---<ir 

The variable X in these symmetric functions is, for the moment, superfluous notation 
and to make certain formulas more compact we will drop [X] when it is implicit that it is 
there. However, we will later consider transformations on the ring of symmetric functions 
by adding notation to [X] and there will be times that the [X] will be used to indicate that 
the expression it is attached to is a symmetric function. 
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One place where it will be necessary to keep the reference to the variables explicit is 
in the use of a few 'plethystic' expressions involving parameters q and t. We may extend 
the notation defined above to include all rational expressions in variables q,t,xi,X2,X3, . . ., 
E = E{xi,X2, . . .;q,t), then 

Pr[E]=E{xl,xl,...;q',tn . (1.19) 

Note that if X = xi + X2 + x^ + ■ ■ ■ , then this is consistent with the expression in Equa- 
tion OtI). 



X 



i-t 



f[X{l - t)] and / 



X 



l~q 
1-t 



to 



In particular we will frequently use the notation / 
represent the symmetric function f[X] withpr[X] replaced with pr[X]/{l—t'^), pr[X]{l—t^) 
and Pr [X] respectively. This transformation is sometimes also denoted by 



0<itf[X] = f 



X- 



1 - 1 



(1.20) 



When we need to use a finite number of variables, the expression Xm = xi + X2 + 
+ • • • + Xm is used to indicate that prl-'^m] = YlH=i Normally we consider symmetric 
functions in an arbitrary alphabet which can be specialized appropriately and we assume 
that there is an implicit [X] following all symmetric function expressions where no variables 
are specified. 

The monomials in these sets of generators, p\ := px^px^ • • • Px^^^-^ and ex ■= exj^ex2 • • • 
also form bases for the space A indexed by partitions. The three types of generators are 
related by 



i=0 
r 

E(-i) 







Pr 



rhr = h 
i=l 

r 

rer = ^{-ly^^er-iP, 



Pi 



(1.21) 
(1.22) 



i=0 



i=l 



These relations are sufficient to express any one of the generators {er,hr,Pr} in terms of 
another. 

There is a scalar product on the ring of symmetric functions for which the monomial 
and homogeneous symmetric functions are orthonormal. We have also, 



{hx,m^) = {px,Pf,/Zf,) = 5x^, 



1 if A = ^, 
otherwise. 



(1.23) 



where is defined in Equation (1.1). 

One powerful use of this scalar product is that it allows us to compute a single coefficient 
in the expansion of a symmetric function in terms of these bases. If / G A, then (/, h^) is 
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the coefficient of in /. That is, if / = ^ then 

{f,h^) = ^c^{m.i,hf,)=c^. (1.24) 

7 

Similarly (/, m^j) is the coefficient of /i^ in / and {f,p^/z^) is equal to the coefficient of 
in /. 

Sage Example 1.33. We now show how to create various bases in Sage and how to 
obtain the coefficients of a given symmetric function using the computer. We begin by 
defining the homogeneous and monomial bases: 

sage: Sym = SymmetricFunctions (QQ) 
sage: h = Sym.homogeneousO 
sage: m = Sym.monomialO 

Then we define a symmetric function / and expand it in terms of the monomial basis: 

sage: f = h [3 , 1] +h [2 , 2] 
sage: m(f) 

10*m[l, 1, 1, 1] + 7*ni[2, 1, 1] + 5*ni[2, 2] + 4*m[3, 1] + 2*m[4] 

There are several ways to obtain the coefficients of a given term. Both of the following 
yield the coefficient of m2ii in /: 

sage: f . scalar (h [2 , 1 , 1] ) 
7 

sage: m(f ). coefficient ( [2, 1 , 1] ) 
7 

The order in which bases are multiplied and added determines which is the output basis. 
For instance to demonstrate (1.22) we consider the following two equivalent expressions: 

sage: p = Sym. power () 
sage: e = Sym. elementary () 

sage: sum( (-1) ** (i-1) *e [4-i] *p [i] for i in ranged, 4) ) - p[4] 
4*e [4] 

sage: sum( (-1) ** (i-1) *p [i] *e [4-i] for i in ranged, 4) ) - p[4] 
l/6*p[l, 1, 1, 1] - p[2, 1, 1] + l/2*p[2, 2] + 4/3*p[3, 1] - p [4] 



1.6 Schur functions 

A combinatorial definition of the Schur functions is given in Section [2] which we shall gener- 
alize to the A;-Schur functions in Section [2.21 and the dual /c-Schur functions in Section [2.41 
For now we start with two (equivalent) algebraic definitions. 
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Definition 1.34. The Schur functions sx are the unique basis of A for which 
1- {sx,s^) = 5x^ for any partitions A,/i; 

2. Sx = rnx+ terms of the form rxfj,m^ for partitions fi of |A| with < A in dominance 
order. 

We have chosen this as the definition of the Schur functions because it naturally general- 
izes to the Hall-Littlewood and Macdonald symmetric functions (which we shall introduce 
in the next few pages) . There are many formulas known for the Schur functions which can 
either be taken as a defining relation or as a consequence. In the next section we shall shift 
perspectives and consider the Schur functions as the family of symmetric functions which 



satisfy the Fieri rule (see Equation (2.2)). 



Example 1.35. In the following we abbreviate S(2,i) by S21 if there is no confusion about 
the parts. By definition we have that 

Sill = mill 

and we may proceed by calculating Gram-Schmidt orthonormalization. For instance, since 
Sill = mill = 63 = hill — 2/i2i + we have 

S2I = "121 - ("1-21, Sill) Sill = "T-21 + 2miii . 

If then S21 is expanded in the homogeneous basis, we see that it is S21 = /i2i — ^3- Finally, 
to calculate S3 we note that 



S3 = "^3 - {m3, S21) S21 - (ms, Sill) Sill = m3 + 17121 + mn 



1 • 



Sage Example 1.36. If we wanted to check Example 1.35 using Sage, we could define h 



and m as in Sage Example 1.33 and then run 



sage: Sym = SymmetricFunctions (QQ) 

sage: s = Sym. schur () 

sage: m = Sym.monomialO 

sage: h = Sym. homogeneous () 

sage: m(s [1,1,1]) 

m[l, 1, 1] 

sage: h(s [1,1,1]) 

h[l, 1, 1] - 2*h[2, 1] + h[3] 

etc.. We can also obtain the expansion of the Schur functions into power sum symmetric 
functions: 
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sage: p = Sym. power () 
sage: s = Sym. schurO 
sage: p(s [1,1,1]) 

l/6*p[l, 1, 1] - l/2*p[2, 1] + l/3*p[3] 

sage: p(s[2,l]) 

l/3*p[l, 1, 1] - l/3*p[3] 

sage: p(s[3]) 

l/6*p[l, 1, 1] + l/2*p[2, 1] + l/3*p[3] 

and the following calculation shows that the Schur functions are orthogonal: 

sage: s [2, 1] . scalar(s [1 , 1 , 1] ) 


sage: s [2, 1] . scalar(s [2, 1] ) 
1 

Since the Schur functions form a basis of the ring of symmetric functions A, a product 
of two Schur functions can again be expanded in terms of Schur functions: 

sxs^, = ^c'i^s^. (1.25) 

V 

It turns out that the coefficients c^^, called Littlewood-Richardson coefficients, are non- 
negative integer coefficients. The famous Littlewood-Richardson rule pjjj provides a com- 
binatorial expression for the coefficients c^^. It says that c^^ is equal to the number of 
semi-standard tableaux of skew shape v/X and weight ^ whose column reading word is 
Yamanouchi. Here A, fi, v are partitions and a semi-standard tableau of shape v/\ is a fill- 
ing of the skew shape which is weakly increasing across rows and strictly increasing across 
columns. The weight of a tableau or word is /i = (/ii, ^2-, ■ ■ where /Xj counts the number 
of i in the tableau or word. Furthermore, a word is Yamanouchi if all right subwords have 
partition weight. 

Remarkably, Schur functions and their Littlewood-Richardson coefficients tie into the 
study of the geometry of the Grassmannian Gr£„ (the manifold of ^-dimensional subspaces 
of C"). The cohomology ring of Gr^ has a basis of Schubert classes cta, indexed by shapes 
A G V^^ contained in an ^ x (n — I) rectangle. The intersection numbers are encoded by 
the structure constants of ff*(Gr^„) in the Schubert basis: 

U = ^V^- • (1-26) 

The explicit understanding of H*{Giiiri) and of these intersections is gained by Schur func- 
tions. Letting / = (e„_£+i, . . . , en) and A(£) = /i2, /13, . . . , /i^], there is an isomor- 
phism, 

H*{Gnn) = ^it)/I , (1.27) 
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under which ax corresponds to s\. Importantly, Sy & I when v "p^"^ and thus the 
structure constants of H* (Gr^) are none other than the Littlewood-Richardson coefficients 



(1.25) for Schur function products. 

The ring of symmetric functions is also endowed with a Hopf algebra structure. A 
systematic study of A from the Hopf algebra perspective is given in |159j , see also |121j . In 
particular, the coproduct on the Schur basis is given in terms of the Littlewood-Richardson 
coefficients 

^{su) = Y,c\^sx®s^. (1.28) 

There is also an algebraic involution on A for which uj{hx) = ex and uj{px) = {—l)^'^^^^^'^'^px 
and uj{sx) = sy- 

With the scalar product it is natural to introduce the operation which is dual to mul- 
tiplication. That is, for a homogeneous symmetric function / of degree k, multiplication 
by / is an operation which will raise the degree of a symmetric function by k, and the 
notation /-*" will represent an operator that will lower a symmetric function by degree k 
and its action is defined as 

f^(9) = Yl (9, fsx) sx = Yl ia, fhx) mx . (1.29) 

A A 

The reason why we introduce these operators is that we find that we can define 'creation 
operators' for the Schur functions which allow us to show that the Schur functions satisfy 
the Fieri rule. Set Sm = '^r>o(~^y ^"^n+r^^ ■ The sum is apparently infinite but we need 
only calculate up to r equal to the degree of the symmetric function it is acting on. These 
operators have the property that for a partition A = (Ai, A2, . . . , A^), 

SmSx = ■S(m,Ai,A2,...,A^) • (1.30) 

One reason these operators are particularly useful is that commutation rules such as 

Pr^m — ^mPr ~l" ^m+r and e^-Sm = Sm+l^r— 1 ~l" S^Er and /l^Sm = Xyi=0 ^m+ihr—i Can be 

used to show the Murnaghan-Nakayama rule and the Fieri rules (respectively). We will 
also use the operators to express creation operators for the Hall-Littlewood symmetric 
functions and a means for computing them. In particular, 

sx = SaiSa2 • • • Sa^(;^)(1) . 



1.7 Hall— Littlewood symmetric functions 

The Hall-Littlewood symmetric functions have a definition which is similar to that of the 
Schur functions. These functions form a basis of the ring of symmetric functions over a 
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field containing a parameter t. We work in the fraction field over the polynomials in the 
parameter t, and set 

At = Q{{t))[hi,h2,h3,...] . (1.31) 
The functions Q'^[X;t] are defined as the family of symmetric functions satisfying 
Q'x[X', t] = sx+ terms of the form r;v^(t)s^ for > A 

and 

where the scalar product ( • , • )t is defined so that 

{px,P^.)t = zxSx^.Yl{l-t^') ■ (1-32) 

i 

By this definition of the t-scalar product, we see that {p\,p^)^ = {px[X],p^[X{l — t)]) , 
where on the right hand side we have used the usual scalar product from Equation (1.23). 

We will mainly be using the scalar product from Equation ( 1.23 ), so define {Pxl-'^; i]}Ai-n 
to be the dual basis to the basis {Q'x[X;t]}x\-n- Since we know that 

{Q'x[X;t],Q'^[X{l-t);t]) = iiX^fi, 

we must have Px[X;t] = cxQ'x[X{l — t);t] for some coefficients cx- Explicit formulas for 
the coefficient cx are known, but since 

1 = {Q'x[X;t],Px[X;t]) = {Q'x[X;t],cxQ'x[X{l - ty,t]) , 
it follows that cx = {Q'x[X; t], Q'x[X{l - t); t]y^ . 

Example 1.37. We compute the Hall-Littlewood symmetric functions for partitions of 3 
using this method to demonstrate how they might be implemented in a computer program. 
The triangularity relation shows that Q'^ = s^. Then Q21 is defined as 



By calculating from the expansion of the Schur functions in the power sums as in Ex- 



ample 1.36, we have that {s2i,ss)^ = — t and (53,53)^ = 1 — t. We conclude that 

Q'21 = •521 + tS2,. 

Similarly we can compute the last Hall-Littlewood symmetric function of size 3 by the 



computation 



Q' = Sill - i^Hil^kllQ' _ (^lll'Qs)^ Q/ 



Using the previous examples it is not difficult to compute the scalar products (sm, •521)^ — 
— t, (siii, 53)^ = — t^, (s2i, S2i)j = (1 — — t + t^). From these computations we 
compute that 

Qui = Sin + {t + t^)s2i + ths . 
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There are other ways of computing the Hall-Littlewood symmetric functions. They 
can also be defined by means of 'creation' operators that generahze the creation operators 
for the Schur functions. Define 



i,j>0 j>0 

This family of operators [66j has the property that 



(1.33) 



(1.34) 



These operators will play an important role in one of the definitions of the A;-Schur functions 
in Section [31 



Sage Example 1.38. In Sage, Example |1.37 can be checked as follows. Note that now 
we need to define the Schur functions over the base ring of the Hall-Littlewood functions: 



sage: Sym = SynimetricFunctions(FractionField(QQ['t'] )) 
sage: Qp = Sym.hall_littlewood() . Qp() 
sage: Qp.base_ring() 

Fraction Field of Univariate Polynomial Ring in t over Rational Field 
sage: s = Sym. schur () 
sage: s(Qp [1,1,1]) 

s[l, 1, 1] + (t-2+t)*s[2, 1] + t'"3*s[3] 



Recall the map 6qt{q, t) of Equation (1.20) which sends pk ^ Pk{^ — <i^)/{^ — t^)- Then we 
can transform the usual scalar product (•, •) to the scalar product for the Hall-Littlewood 



polynomials (•, ■)t of ( 1.32 ) by setting t = and replacing (7 by t in 9qt{q, t), that is Oqt{t, 0). 
We can now check our previous computation for {s2i,ss)t in Sage as follows: 



sage: t = Qp.t 

sage: s[2,l] . scalar (s [3] .theta_qt(t,0)) 
t"2 - t 



We can also check (1.34): 



sage : s(Qp( [1,1])) .hl_creation_operator ( [3] ) 

s[3, 1, 1] + t*s[3, 2] + (t~2+t)*s[4, 1] + t"3*s[5] 

sage: s(Qp( [3, 1 , 1] ) ) 

s[3, 1, 1] + t*s[3, 2] + (t~2+t)*s[4, 1] + t~3*s[5] 
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1.8 Macdonald symmetric functions 

Finally we introduce the Macdonald symmetric functions which form a basis of the space 
of the symmetric functions with two parameters 

Ag,t=Q{{q,t))[hi,h2,h3,...] . (1.35) 

We provide here a definition of the Macdonald symmetric functions that generalizes those 
of the Hall-Littlewood and Schur functions introduced in the previous sections. The Mac- 
donald symmetric functions Hx[X; q, t] are defined so that they are the unique basis which 
has the property that 

Hx[X;q,t] = rx{q,t)sx{X/{l - q)] + terms of the form rx^{q,t)s^[X/{l - q)] 

with fj, > X and 

{Hx[X;q,t],H^[X;q,t])^^ = if \ 1^ 
where the scalar product ( • , • is defined so that 

{px,P^.),, = Zx6x^ll{l-q'''){l-t>^') . 

i 

In addition, the condition that (^Hx[X;q,t],s^nj[X]) = t"^^) determines the correct scalar 
multiple of the elements. 

Sage Example 1.39. Here we show how to expand the Macdonald symmetric functions 
in terms of Schur functions for all partitions of 3: 

sage: Sym = SjnnmetricFunctions(FractionField(QQ['q,t'] )) 

sage: Mac = Sjnn . macdonald ( ) 

sage: H = Mac.HO 

sage: s = Sym. schur () 

sage: for la in Partitions (3) : 

print "H", la, "=", s(H(la)) 

H [3] = q"3*s[l, 1, 1] + (q~2+q)*s[2, 1] + s[3] 

H [2, 1] = q*s[l, 1, 1] + (q*t+l)*s[2, 1] + t*s [3] 

H [1, 1, 1] = s[l, 1, 1] + (t-2+t)*s[2, 1] + t-3*s[3] 

When q = 0, the expansion is upper triangular with respect to dominance order. In 
particular, Hx[X;0,t] = Q'x[X;t]. 

sage: Sym = SymmetricFunctions(FractionField(QQ ['t '] ) ) 
sage: Mac = Sym. macdonald (q=0) 
sage: H = Mac.HO 
sage: s = Sym. schur () 
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sage: for la in Partitions (3) : 

print "H",la, "=" , s(H(la)) 
H [3] = s[3] 

H [2, 1] = s[2, 1] + t*s[3] 

H [1, 1, 1] = s[l, 1, 1] + (t-2+t)*s[2, 1] + t-3*s[3] 
sage: Qp = Sym.hall_littlewood() . Qp() 
sage: s(Qp[l, 1, 1]) 

s[l, 1, 1] + (t-2+t)*s[2, 1] + t"3*s[3] 

and when t = it is lower triangular 

sage: Sym = SyinmetricFunctions(FractionField(QQ['q'] )) 

sage: Mac = Sym.macdonald(t=0) 

sage: H = Mac.HO 

sage: s = Sym. schur () 

sage: for la in Partitions (3) : 

print "H",la, "=" , s(H(la)) 

H [3] = q-3*s[l, 1, 1] + (q-2+q)*s[2, 1] + s [3] 

H [2, 1] = q*s[l, 1, 1] + s[2, 1] 

H [1, 1, 1] = s[l, 1, 1] 

Macdonald |120j introduced the symmetric functions that bear his name in 1988 by 
expanding on the work of Kevin Kadell (see notes in \121\ p. 387]). Attraction to research- 
ing Macdonald polynomials grew from conjectures giving combinatorial, geometric, and 
representation theoretic meaning to the Macdonald/Schur coefficients 

Kxf,iq,t):={H^[X;q,tisx) , (1.36) 

usually referred to as the Macdonald-Kostka or q, t-Kostka coefficients. From the definition 
that we have presented here, it is not even clear that these coefficients are polynomials 
in q and t. Nevertheless, Macdonald conjectured that they are in fact positive sums of 
monomials in q and t; that is, Kx^{q^t) G N[(;,t]. These coefficients have since been a 
matter of great interest. 

When g = 0, the Kostka-Foulkes polynomials K\^{Q,t) are the Hall-Littlewood/Schur 
transition coefficients since H\[X]{),t\ = Q'y\X]t\. Kostka-Foulkes polynomials appear 
in other contexts including affine Kazhdan-Lusztig theory |108] and affine tensor product 
multiplicities |129| I146j . Moreover, these polynomials encode the dimensions of certain 
bigraded S^-modules [56] . Lascoux and Schiitzenberger |112j give an intrinsically positive 
formula for K\fj,{0,t) using tableaux which we now describe. 

Recall that a semi-standard tableau is a nested sequence of partitions, also identified 
by a filling of a partition with the integers so that the label of the integer i indicates the 
cells which are added between the {i — 1)''* and i''^ partition in the sequence. A semi- 
standard tableau has weight fj, when there are /ij labels of i. When forms a partition, the 
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tableau is said to have partition weight and when the weight is (1, 1, . . . , 1), the tableau is 
called standard. A statistic (non- negative integer) called charge, defined in jll2] . can be 
associated to each semi-standard tableau. Here, we describe charge for any semi-standard 
tableaux with partition weight. 

First consider the definition of charge on a standard tableau T. Define the index I of 
T, starting from Ii = 0, by 




if r is east of r 
otherwise , 



1 



(1.37) 



for r = 2, . . . ,n. The charge of T is the sum of entries in I{T). The notion of charge is 
easily extended to a generic semi-standard tableau by successively computing the index of 
an appropriate choice of i cells containing the letters 1,2, ... ,i. 

Definition 1.40. From a specific x in cell c of a tableau T, the desired choice of x + 1 
is the south-easternmost one lying above c. If there are none above c, the choice is the 
south-easternmost x + 1 in all of T. 

Consider now any semi-standard tableau T with partition weight. Starting from the 



rightmost 1 in T, use Definition 1.40 to distinguish a standard sequence oii cells containing 
1,2, ... ,i. Compute the index and then delete all cells in this sequence. Repeat the process 
on the remaining cells. The total charge is defined to be the sum of all the index vectors. 

Example 1.41. 



2 


[1 


3 


m 




1 


1 





2 


3 [7] 




/= [0,0,0,0,1,1,2] 

so that the charge is 9. 

We can check this in Sage: 



/= [0,0,1,1,1] 



m nii I I 

/= [0,1,1] 



sage: t = Tableau( [ [1 , 1 , 1 , 2 ,3 ,7] , [2 , 2 ,3, 5] , [3,4] , [4,5] , [6] ] ) 

sage: t. charge () 

9 



This given, with the shape of a semi-standard tableau T denoted by shape(r) and the 
charge denoted charge(r), it is proven in |112| that 



Kx^,{0,t)= Yl * 



charge (T) 



(1.38) 



weight (T)^fj. 
shapc(T) — A 
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Despite having such concrete results for the q = case, it was a big effort just to estab- 
hsh polynomiahty for general Kx^{q,t) [581 EOl ED [Ml EQ]. The geometry of Hilbert 
schemes was finally needed to prove positivity [60| !6T] , where Haiman completed his proof 
by showing that there is a representation theoretical model (often referred to as the "n! 
conjecture" [50]) for which these coefficients are formulas for graded multiplicities of oc- 



currences of irreducible representations. A formula in the spirit of (1.38) still remains a 
mystery. 

There are other ways to express the charge. For example in |116] a different formulation 
of charge is used, which comes from the Ram- Yip formula for Macdonald polynomials [136j . 
and is related to the quantum Bruhat graph, which first arose in connection with the 
quantum cohomology of the flag variety [231139]. This point of view is dual to the description 
above in the sense that the positions of the entries in a tableau T are recorded by columns 
bi- ■ - bn, where n is the value of the largest letter in T. Column bi records the column 
positions of the letters i in T, where the columns of T are labelled from right to left. 

We attach to 6i • • • 6n a reordered filling c := ci - • • Cn according to the following algo- 
rithm, which is based on the circular order -<i on [m] starting at i, namely i -<i i + 1 -<i 
• • • -<j m 1 • • • -<j z — 1. Here m is the width of T. 

Algorithm 1.42. 

let ci := bi; 

for j from 2 to n do 

for i from 1 to height of bj do 

let Cj{i) := min {bj \ {cj{l), ...,Cj{i- 1)}, ^Cj_i(i)) 

end do; 
end do; 

return c := ci . . . Cn- 



Then the charge of T is 



charge(r) = arm(7), 

7£Des(c) 

where Des(c) are all boxes in c which contain a descent with the box directly to the right 
and arm(7) is the arm length of the box 7, that is the number of boxes to the right of 7. 



Example 1.43. Let us consider the tableau T of Example 1.41, Then 
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6 


1 



and 




where the boxes with descents are in bold, so that charge(T) = 2 + 3 + 3 + 1 = 9. 
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1.9 Empirical approach to A;-Schur functions 

The A;-Schur functions came out of a study of the q, t-Kostka coefficients and this study p2] 
led to a refinement of Macdonald's positivity conjecture; for any fixed integer A; > and 
each A G (a partition where Ai < fc), 

Hx [X; q,t]=Y, 4? (9' * ] ^he^e 4? e ^[«' ' (1-39) 

for some family of polynomials defined by certain sets of tableaux as: 

Ap[X;t] = t^"^''*^*^^'^^^shape(T) ■ (1.40) 

In [92], Lapointe, Lascoux, and Morse conjectured that such {A^J^\X;t\}^-^<k exists and 
forms a basis for 

A(;i,) = span{i7A[^; q,t]}x^<k ■ 
They also conjectured that more remarkably, for any k' > k, 

Af\X;t] = Y,Bi'f{t)A(^''nX;t] where B^f\t) G N^. (1.41) 

Given that = for k >\fi\, the decomposition (1.39) strengthens Macdonald's 

conjecture. Although these new bases arose in the context of Macdonald polynomials, 
pursuant work led to unexpected connections with geometry, physics, and representation 
theory. At the root, {j4^'^^[A'; t]} generalizes the very aspects of the Schur basis that make 
it so fundamental and wide-reaching. As such, the functions are called k-Schur functions. 

Before we give any formal definition for fc-Schur functions, we begin with some compu- 
tational examples that demonstrate how this all came about. 

Example 1.44. Consider the Hall-Littlewood symmetric functions that are spanned by 
partitions of 3 and 4 with Ai < 2: 

Q'ni [X; t] = Sin + (t + t^)s2i + th^ 

Q2AX;t] = S21+tS3 

and 

Q'niil^; t] = Sim + {t + t^ + t^)s211 + {t^ + t^)s22 + {t^ + t^ + t^)s31 + t^S4 
Q'2n[X; t] = S211 + tS22 + {t + t^)s3i + t^S4 
Q'22[X; t] = S22 + tS3i + t^Si . 

The first clue of the existence of 2-Schur functions is to notice that there is a set of 

12\ 

symmetric functions A\^ ' [X] t] for A h 3, 4 such that Ai < 2 and 



48 



CHAPTER 2. PRIMER ON K-SCHUR FUNCTIONS 



• they form a basis for this subset of Hah-Littlewood symmetric functions that have 
coefficients that are non-negative polynomials in t when expanded in the Schur basis; 

• when expanded in the Hall-Littlewood basis have a term Q'x[X; t] and all other terms 
are larger in dominance order; 

• have a leading term in the Schur basis which is sx and are in the linear span of Schur 
functions indexed by partitions which are larger than A in dominance order; 

• if the involution oj is applied and t is replaced by 1/t, then the 2-Schur function is 
equal to another A;-Schur function up to a power of t; 

• the Schur function indexed by the partition which is largest in dominance order is a 
power of t times Sf^xui^y (indexed by the conjugate of the A;-conjugate of A); 

• for which the Macdonald symmetric functions are positive when expressed in terms of 
these elements (have coefficients which are polynomials in q and t with non-negative 
integer coefficients). 

It turns out that these conditions are enough to characterize the 2-Schur functions. The 

triangularity conditions with respect to the Hall-Littlcwood polynomials and the Schur 
functions require that A22^[X;t] = S22 + ts^i + t'^s^. Then again by triangularity and 
positivity we have 742^'!|^[X; t] = S211 + ts^i, and finally ^niif^; t] = smi + ts2ii + t^S22- 

Sage Example 1.45. The conditions involving the ^-conjugate of the partition can easily 
be checked 



sage : 


la 




PartitionC [2,2] ) 


sage : 


la. 




.conjugate (2) . conjugate () 


[4] 








sage : 


la 




Partition ([2, 1,1]) 


sage : 


la. 


■ k. 


.conjugate (2) . conjugate () 


[3, 1] 








sage : 


la 




PartitionC [1,1, 1,1]) 


sage : 


la. 


■ k. 


.conjugate (2) . conjugate () 


[2, 2] 









as well as the statement about the application of to composed with t 1/t: 

sage: Sym = SymmetricFimctions (FractionField(QQ [' t '] ) ) 

sage: ks = Sym.kschur(2) 

sage: ks [2,2] . omega_t_inverse() 

l/t~2*ks2[l, 1, 1, 1] 

sage: ks[2,l,l] . oinega_t_inverse () 
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l/t*ks2[2, 1, 1] 

sage : ks [1 , 1 , 1 , 1] . omega_t_inverse () 
l/t-2*ks2[2, 2] 

We can also check the positive expansion of the Macdonald polynomials: 

sage: Sym = SynimetricFunctions(FractionField(QQ['q,t'] )) 
sage: H = Sym. macdonald () .H() 
sage: ks = Sym.kschur(2) 
sage: ks(H[2,2]) 

q-2*ks2[l, 1, 1, 1] + (q*t+q)*ks2[2, 1, 1] + ks2[2, 2] 

sage: ks(H[2,l,l]) 

q*ks2[l, 1, 1, 1] + (q*t"2+l)*ks2[2, 1, 1] + t*ks2[2, 2] 
sage: ks(H[l , 1 , 1 , 1] ) 

ks2[l, 1, 1, 1] + (t~3+t"2)*ks2[2, 1, 1] + t"4*ks2[2, 2] 

At = 3, the above conditions are no longer a complete characterization of the fc-Schur 

(3) 

functions and it is difficult to guess what A^ is for some of the partitions at A h 7. We 
add as a last condition that the fc-Schur functions should be the 'smallest' basis with the 
above properties. The existence of such a basis alone is enough to recognize that there is 
something remarkable about the fc-Schur functions, because it is unusual to see a basis for 
which the Macdonald symmetric functions expand positively. 

Example 1.46. At A; = 3, the triangularity condition for the Hall-Littlewood basis implies 
that, 

431 *] = <533l[^; *] = ^331 + tS421 + {t + t^)s43 + f^S^U + (i^ + t^)s52 

and since 

Q322[X; t] = S322 + tS331 + {t + t^)s421 + (t^ + t^)s43 + t^S^U 
+ {t^ + t^ + t^)s52 + {t^ + t^)s61 + t^S7, 

(S) 

we can use the triangularity and positivity properties from above that imply yl322[-'^;i] 
must be given by 

422 t] = <5322[^; t] - tQ's31 = S322 + iS421 + ^3^2 ■ 

However, to try to determine 42ii["'^;*]' calculate 

Q32II [X;t]= S32II + tS322 + {t + t^)s33i + tS^lU + {t + + t^)s421 

+ +t^ + t^)s43 + {t^ + t^ + t^)s511 + {2t^ +t^ + t^)s52 
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(3) 

and it is difficult to tell from the conditions above whether ^3211 should be (53211 [^i^l 
^'^Q'ssii-^'^ t] or Q'^2ii[-^'^ A ~ tQs22[-^'^ A some other linear combination of terms. 



(2) (2) 

We leave it as an exercise for the reader to calculate A\\\[X;t\, A'£'[X;t] from (|1.42D, 



using the properties in Example 1.44 as a characterization. With the additional symmetric 
function Q'^^[X;t] = S31 + ts4, it is a worthwhile exercise to determine the symmetric 
functions and to see how it might be possible 

to define the /c-Schur functions for small values by experimentation. 

Once it is clear that these symmetric functions exist, it is a matter of determining an 
algorithm or a formula for computing them. It was along these lines that Lapointe, Lascoux, 
and Morse discovered /c-Schur functions and their first formula appeared in [93] where a 



method is given for constructing the sets in (1.40). Subsequently, various conjecturally 
equivalent definitions have arisen, each having different benefits and detriments. In the 
following section we present a construction for fc-Schur functions when the parameter t is 
set to one and the parameter case is then addressed in Section [3] 



1.10 Notes on references 

The combinatorics of affine permutations can be expressed in terms of combinatorial models 
other than /c-bounded partitions and (A; + l)-cores such as abaci, windows, codes, and k- 
castles [131 1221 EH SIl I104| . Certain combinatorial aspects of /c-Schur functions are best 
expressed in terms of /c-bounded partitions whereas others are better suited to (/c + l)-cores 
or affine permutations. It could be that other formulations for the index set are well suited 
for expressing properties which have not yet been discovered. 

For symmetric function notation we generally follow the notation of Macdonald |121j 



with the addition of the use of plethystic notation (see Equation (1.19)) to encode certain 
transformations of alphabets. The scalar product ( • , ■ )^ and ( • , ■ )gf are not the 
scalar products that are used in |il21j . but they are the scalar products needed in order 
to define the Hall-Littlewood Q'-basis and the Macdonald iif-basis that we will use in 
subsequent sections. Macdonald does not use the //-basis in |121| . however it is a trans- 
formation of the basis referred to as the integral basis (the J-basis) and they are related 
by the transformation Jx[X;q,t] = Hx[X{l — t);q,t] = 6to{Hx[X; q,t]) (see, for instance, 
[SOI Eq. 1.16]). 



The operators Sm defined in Equation ( |1.30 ) are usually referred to as Bernstein op- 



erators. They first appear in [159^ p. 69] (see also [1211 Example 29 Section 1.5]). Their 
generalizations to creation operators for Hall-Littlewood symmetric functions is due to 
Jing [66] (see also |12H Example 8 Section III.5]). 
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2 From Fieri rules to /c-Schur functions at t = 1 

We first present the definition of the Schur functions as a generating function for semi- 
standard tableaux. This presentation provides the context to show how the /c-Schur func- 
tions and the dual fc-Schur functions both generalize this definition of the Schur functions. 

We carefully explain how the algebraic Fieri rule naturally gives rise to distinguished se- 
quences of partitions and show how the combinatorics of 'weak' and 'strong' tableaux 
captures these relations. 



2.1 Semi-standEird tableaux and a monomial expansion of Schur func- 
tions 

Recall that the Schur functions satisfy the Fieri rule for multiplication of a Schur function 
by a homogeneous symmetric function 

hisx= J2 (2.1) 

and more generally, 

hrsx = '^3/^ , (2.2) 

where the sum is over all partitions fj, where A C yu, |^| = |A| -|- r and /i/A is a horizontal 
strip. 

Consider how we can use these rules now to expand a homogeneous symmetric function 

in terms of the Schur basis. A given hx = hx-^h\.^ ■ ■ ■ hx^ may be seen as a sequence of 
operators that act on 1 = S0 which we act on, first by hx'^■, then hx2, and so on. We 
demonstrate this with the following example. 

Example 2.1. We expand the expression ^1431 in terms of Schur functions by successive 
applications of the Fieri rule: 

Y\ I I I I I I M I I I I M M L_1_L1_L1_1_1_1 



-I- s 

^ T 



Notice in the example that every term in the expansion of the product of /i's is rep- 
resented by a sequence of partitions which records how that term appears in the final 
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expression. For instance there are two terms representing (5,3), one that arose from 
the sequence ^ (4) C (5, 2) C (5, 3) and the other which arose from the sequence 
C (4) C (4,3) C (5,3). We call a sequence of nested partitions a semi-standard tableau 



(see also Section 1.8). A skew tableau is a nested sequence of partitions where the smallest 



partition is not empty. A sequence 

A(o) C XW C . . . C A(^) , (2.3) 

where each A^*'''^-'/A^'^ for < i < d is a horizontal strip, is called a semi-standard skew 
tableau. We say that the shape of the tableau is X^'^^X^'^^ (or A^*^) if A^*^) = 0) and the 
weight of the tableau is the sequence 

(|aW/A(°)|,|A(2)/A«|,...,|A('^)/A('^-i)|) . (2.4) 

Note that for any partition there is precisely one semi-standard tableau that has both 
shape and weight equal to A. If A and /j, are both partitions of the same size, then there is 
at least one partition of shape A and weight fi if and only if X> n. 

A semi-standard tableau of shape A is usually thought of as a filling of the partition 
diagram for A by placing a 1 in each of the cells of A^^^/A^"), a 2 in each of the cells of 
A(2)/A(i), and more generally each of the cells of A^'^ /A*-* is labelled with an i. Note, 
iteration of the special case (2.1) ensures that each A^^^A^*"^^ contains exactly one cell. 



These are the tableaux of weight (1,1,..., 1) and they are called standard tableaux. 

Example 2.2. The coefficient of S52 in /i42i is equal to 2. The reason for this is that one 
term comes from 



2 


2 




1 


1 


1|1|3 






2 


3 




1 


1 


1|1|2 



I I I I I C m I I C rn i i i which is represented by the diagram 
and the other comes from 

rrrn C H 1 1 1 1 C FH 1 J which is represented by the diagram 

Remark 2.3. Another useful alternative to the conventional definition of tableaux is to 
instead define a semi-standard tableau to be a standard tableau with certain conditions 
on its reading word. The reading word of a tableau is obtained by taking the entries of 
T from top to bottom and left to right. A tableau of weight a is then a standard tableau 
having increasing reading words in the alphabets 

Aa,x = [1 + S^-^a, S^a] where S^a = ^ai, (2.5) 

i<x 



for each x = 1, . . . , i{a). For example, this observation is central in the study of quasisym- 
metric functions. 
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It is typical to represent the number of semi-standard tableaux of shape A and weight 
fi by the symbol Kx^. These numbers are often referred as the Kostka coefficients. Based 
on the Fieri rule and a relatively straightforward proof by induction, we can generalize 
roughly what we see in the example, namely that for /u h m, 

V = ^ Kx^sx . (2.6) 

Ahm 

Prom this, the monomial expansion of a Schur function can be derived. In particular, 
because {sx,Sfj_) = 6x^1, we can conclude that {h^,sx) = Kx^i- The coefficient in the 
monomial expansion of a Schur function then pops out by the duality {mx, h^) = 6x^- 

sx = '^d^xm^ where d^x = {hf,, dgxiria) = {h^, sx) = Kx^ ■ 

fi a 

This formula provides us with a combinatorial expansion of the Schur functions in the 
monomial basis. We can also derive a formula in terms of variables. Note that the con- 
struction of tableaux with weight a applies for any composition a. Let SSYT(A, a) be the 
set of tableaux with weight a and shape A. There is an involution [ll[|115j on this set that 
maps a tableau of weight a to a tableau whose weight is a permutation of a. Thus, given 

that Kxa = Kxa{a) > 

SA[^m]=J^X^, (2.7) 

T 

where the sum is over all possible semi-standard tableaux of shape A with entries in 
{1, 2, . . . , m}. Here x-^ denotes x^^Xg^ • • • x^™, where a is the weight of T. 

Sage Example 2.4. We now demonstrate on how to produce all semi-standard tableaux 
of a given shape and weight 

sage : SemistandardTableaux( [5,2] , [4,2,1]) . list () 
[[[1, 1, 1, 1, 2], [2, 3]], [[1, 1, 1, 1, 3], [2, 2]]] 

The Kostka matrix can be computed as follows: 

sage: P = Partitions (4) 
sage: P.listO 

[[4], [3, 1], [2, 2], [2, 1, 1], [1, 1, 1, 1]] 

sage: n = P . cardinality () ; n 

5 

sage: K = matrix (QQ ,n,n, 

[ [SemistandardTableaux(la,mu) . cardinality () 
... for mu in P] for la in P] ) 

sage : K 



54 



CHAPTER 2. PRIMER ON K-SCHUR FUNCTIONS 



[11111] 
[01123] 
[00112] 
[0 1 3] 
[0 1] 

The self duality of the Schur functions is a very remarkable property. In fact, the self 
duality and a condition on triangularity can be taken as either the defining property for 
Schur functions or as property which easily follows from the definition. It is this duality 
that implies that (/i^,sa) will be the coefhcient of s\ in the expansion of /i^. In the next 
two sections we shall introduce two bases of a subalgebra/quotient algebra which follows 
from ideas in this construction. 

2.2 Weak tableaux and a monomial expansion of dual A;-Schur functions 

We will present the A;-Schur functions as a basis of the space 

A(fe) =Q[/ii,/i2,/i3,...,/ifc]. (2.8) 

It will develop that this basis has a role in A^^) that in many ways is analogous to the role 
of the Schur basis in the study of the symmetric function space A. The algebra of A^^) is 
no longer a self dual Hopf algebra. The algebra is dual however to a quotient of the ring 
of symmetric functions. We define 

AC^) = A/{mx ■.Xi>k). (2.9) 

A basis of A(-fc) are the elements hx for partitions A where Ai < k. The elements m\ 
with Xi < k may be chosen as representatives of the dual algebra. We will present two 

(k) 

bases: the k- Schur functions which form a basis for A^^) and the dual k -Schur functions 

6^^^ which are representative elements of the basis for the dual algebra A^'^). We proceed 
by defining the basis of /c-Schur functions and the other will be determined by duality. 

Recall by Proposition |1 .3| that the /c-bounded partitions of size m are in bijection with 
the {k + l)-cores of length m (or equivalently cores with m cells with hook length of size 
less than or equal to k). At this point, we will index the /c-Schur functions and their 
dual elements by (A; + l)-cores, sometimes using properties of the corresponding /c-bounded 
partition p(A). Later, we will interpret things in the language of A;-bounded partitions and 
affine Grassmannian elements. 

Our point of departure is an experimentally based weak Fieri rule for fc-Schur functions 
(which at this point exist only as data on the computer). This is the relation, for a (fc + 1)- 
core /X and r < k, 

hrsP = ^si'\ (2.10) 



summing over cores A where A//u is a weak horizontal strip of size r (see Equation (1.5)). 
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(3) 

Example 2.5. With /c = 3, to compute his^^ , we find all 4-cores that cover (4, 1) in the 



weak order poset Figure |2.3 
To compute h2s\i , we follow the weak horizontal chains of length 2 from (4, 1) in Figure 



2.3 



''-2641 — *63 ^ *521 • 

Note that there is a length 2 chain from (4, 1) to (4, 1, 1, 1), but because (4, 1, 1, l)/(4, 1) 
is not a weak horizontal strip, this term is omitted. There is only one horizontal chain of 
length 3 from (4, 1) implying that 

"'3''4l — ''741 • 

As we have shown for usual Schur functions, the iteration of the Fieri rule can be used 
to inspire a family of tableaux where, in this case, their enumeration gives the coefficient 
of s^^^ in the expansion of /i^ Consider the following example. 

Example 2.6. For A; = 4, we compute /1431 in terms of /c-Schur functions: 

n431 — S — Ail s — s + s 

r rm mm. , , , m . . 



Take care to remember that the indices of fe-Schur functions are {k + l)-cores here whereas 
/i = (431) is a A:-bounded partition. Let k = 6 and compute an example with more terms: 

h,s^ = h^{s^'^ +.(^) +.(^) ) 
Mill I I I I 1 1 II 



= (,(6) +,(6) +,(6) ) + .(6) ^^(6) . .(6) ^^(6) ^ 

The iteration imposes the conditions needed to characterize a weak tableau; it must be 
a sequence of (fc + 1) -cores, 

= A(°)caWc...CA('^) = A (2.11) 

such that A(*VA^'"^^ is a weak horizontal strip. We say that its shape is A and define its 
weight a as we did in Equation (2.4), but now using the size function on cores; 

ai = |A«/A^*"'^U+i, for i = l,...,d. (2.12) 

Let us emphasize that an entry Oj of the weight does not record the number of times letter 
i appears in the tableau. In fact, using (1.8), we see that instead, Oj records the number 
of distinct residues used to label the cells of X^'^^ / X^''~^'> . We can more concisely describe 
weak tableaux in the following terms: 
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Proposition 2.7. |P5|/ Let X be a (k + l)-core and let a = (ai, . . . ,0^) be a composition 
of |A|fc+i with no part larger than k. A weak tableau of weight a is a semi- standard filling 
of shape A with letters 1, . . . ,d such that the collection of cells filled with letter i is labeled 
by exactly at distinct [k + l)-residues. 

Example 2.8. For k = 6, the weak tableaux of weight (4,3, 1) are 
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1|1|2|3| 
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1|1|1|2|2|2| 
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1|1|2|2|2|3 



For A; = 3, we hst all weak tableaux of shape (5, 2, 1) which can be extracted by looking at 



all successions of horizontal chains (with non-increasing sizes) in Figure 2.3 
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11212 



For any (A; + l)-core A and A;-bounded partition /x, we denote the number of weak 
tableaux of shape A and weight by k'^^. These numbers, called (weak) k-Kostka coeffi- 
cients, satisfy an important property 



K 



(fc) 



1 if p(A) = II 
ifp(A)^^. 



(2.13) 



with respect to dominance order on partitions. Thus, the matrix of coefficients 
over all {k + l)-cores A and fc-bounded partitions /U is unitriangular and thus invertible. 
It is with this in hand that we arrive at a family of functions that satisfy the weak Fieri 
rule. To be precise, /c-Schur functions were characterized in ^96j by the system obtained 
by taking 

E 



h„ 



K^k) (k) 



(2.14) 



for all A;-bounded partitions /U. In fact, this system defines the fc-Schur basis {s^'^''}a6C, 
because the elements h\ for Ai < A; form a basis for the space A^^-j and the transition 
matrix is invertible over the integers. 



k + l 



Example 2.9. For k = 6, the weak tableaux in Example 2.8 tell us that 



h _ (6) , (6) ,0 (6) , (6) I (6) I (6) 

'^431 — S^^i + + ZSc;;, + Sfi9i + S71 1 -|- Sfi 



'44 



'53 



'621 



'711 



'82 
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In Section |3j various different notions of A;-Scliur functions will be given. We will work 
with a running example and do a computation to give an idea of how each of the notions 
can be implemented and to demonstrate their relative difficulty. 

(3) 

Example 2.10. Let us calculate Sq^^-^ in terms of homogeneous symmetric functions. The 

(k) 

A;-Schur function s\ can be computed recursively using the weak Fieri rule. The product 
h\, s^'^l , , N = s^\}s-\- other terms which are indexed by cores 7 where A is smaller than 
p(7) in dominance order. 

(3) (3) (3) 

We begin by noting that /13S311 = Sq^h, and we thus must expand Sg/^. This time, 
noting that /i2Sii^ = S311 we turn to the computation of s^^^ . Since his^^^ = s^^^ + s^2^ 

(3) (3) 

and S2 — /i2, we have computed s\-{ = hu — ^2 which can be substituted back to obtain 

^311 = ^211 - h22- We conclude that Sgsii = ^3211 - ^322- 

We leave it to the reader as an exercise to compute at least a few other of the 3-Schur 
functions of size 7 by hand to get a feel for the difficulty of these computations. Fortunately, 
the functions can be verified against a calculation using Sage. 

Sage Example 2.11. Here we give the expansion of the fc-Schur functions for k = 3 in 
terms of the homogeneous basis as we did in the previous example. Note that in Sage, k- 
Schur functions are indexed by fc-bounded partitions rather than (k + l)-cores (converting 



with Sage was explained in Example 1.6) and they are defined with an extra parameter 
t. Our current setting is the t = 1 case. 

sage: Sym = SyininetricFunctions (QQ) 

sage: ks = Sym.kschur(3,t=l) 

sage: h = Sym.homogeneousO 

sage: for mu in Partitions (7 , max_part =3): 

... print h(ks(niu)) 

h[3, 3, 1] 

h[3, 2, 2] - h[3, 3, 1] 
h[3, 2, 1, 1] - h[3, 2, 2] 

h[3, 1, 1, 1, 1] - 2*h[3, 2, 1, 1] + h[3, 3, 1] 

h[2, 2, 2, 1] - h[3, 2, 1, 1] - h[3, 2, 2] + h[3, 3, 1] 

h[2, 2, 1, 1, 1] - 2*h[2, 2, 2, 1] - h[3, 1, 1, 1, 1] 

+ 2*h[3, 2, 1, 1] + h[3, 2, 2] - h[3, 3, 1] 
h[2, 1, 1, 1, 1, 1] - 3*h[2, 2, 1, 1, 1] + 2*h[2, 2, 2, 1] 

+ h[3, 2, 1, 1] - h[3, 2, 2] 
h[l, 1, 1, 1, 1, 1, 1] - 4*h[2, 1, 1, 1, 1, 1] + 4*h[2, 2, 1, 1, 1] 

+ 2*h[3, 1, 1, 1, 1] - 4*h[3, 2, 1, 1] + h[3, 3, 1] 

We are now in the position to use duality to produce a second basis, this time for 
the algebra A^'^). Although we do not have a scalar product on the spaces A^^) and A^'^) 
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separately, we appeal to a pairing between the two spaces 

(•,.) : A(fc) X A('=) ^ Q , 
where G A(fc) and m\ G A^'^^ are dual elements 



(2.15) 



(2.16) 



This equation is precisely Equation (1.23) for the scalar product on symmetric functions. 
The dual A;-Schur functions &^-^^ were introduced in [97] as the unique basis of A*^'^-' that 



is dual to the basis of {slf^} under the pairing (2.15), where it follows from (2.14) that the 



enumeration of weak tableaux gives their monomial expansion: 

fi:iil<k 

fj.:fj.l<k 7eCfc+i 



(2.17) 



fi:fil<k 



There is an involution on the set of weak tableaux of fixed shape A and weight a that sends 
these tableaux to the set of weak tableaux of shape A and weight which is a permutation of 
a. Thus, the dual A;-Schur functions are the weight generating functions for weak tableaux. 
That is, for {k + l)-core A, 



6 



(fc) 



weight(T) 



(2.18) 



T— weak tab 
shape{T) = A 



(3) 

Example 2.12. The calculation of the dual A;-Schur function ©521 follows immediately by 
extracting the weights of each weak tableau of shape (5,2,1), listed in Example 2.8 We 
conclude that 



(3) 

®521 = "^321 + 2^3111 + 771222 + 2771-2211 + 377721111 + 47n,iiiiii . 



2.3 Other realizations 

We have now seen how the weak Fieri rule - given in terms of weak horizontal chains in the 
(fc + l)-core realization of the weak poset - leads to the family of dual /c-Schur functions 
in terms of weak tableaux. Equivalently, we could have invoked the definition of weak 
horizontal chains on the level of /c-bounded partitions or on affine Grassmannian elements 
and this would easily give rise to characterizations for dual A:-Schur functions in these other 
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settings. Before we move on to draw a weight generating function characterization for k- 
Schur functions starting instead from a "strong" Fieri rule, some exposition on these other 
interpretations is warranted. 

Let us start by retracing our steps that led from the weak Fieri rule to the generating 
function for dual fc-Schur functions, this time in the setting of A;-bounded partitions. In 
these terms, the weak Fieri relation is given for any partition A with Ai < to be 

hrs['^ = E ' (2-19) 

fj,:fj,i<k 

where the sum is over partitions fi such that /x/A is a horizontal strip and is a 

vertical strip of size r. Again, we use the iteration of this relation to impose conditions on 
a family of weak tableaux in the /c-bounded setting. 

Example 2.13. Iteratively, we calculate /1431 in terms of A;-Schur functions for A; = 6: 

h,,, = h,{s'^'^ +s^'^ +.(^) ) 
I I 1 1 Mill I 



[S 



Sage Example 2.14. Sage can be used to verify Example 2.13 



sage: ks6 = Syni.kschur(6,t=l) 
sage: ks6(h[4,3, 1] ) 

ks6[4, 3, 1] + ks6[4, 4] + ks6[5, 2, 1] + 2*ks6[5, 3] 
+ ks6[6, 1, 1] + ks6[6, 2] 

Sage also knows that the fc-Schur functions live in the subring A^^^ of the ring of 
symmetric functions: 

sage: Sym = SymmetricFunctions (QQ) 
sage: ks = Sym.kschur(3,t=l) 
sage: ks .realization_of () 

3-bounded Symmetric Functions over Rational Field with t=l 

sage: s = Sym.schurO 

sage: s .realization_of () 

Symmetric Functions over Rational Field 

(k) 

When A and fi are A:-bounded partitions, the weak Kostka coefficients Kj^^ are inter- 
preted to be the number of sequences of fc-bounded partitions, 

= XW c A(2) C . . . C A^"^) = A (2.20) 

where A«/A^*"^^ is a horizontal strip of size /Xj and (A«)'^fc/(A(^-i))^''- is a vertical strip. 
We then follow the line of reasoning from earlier to yield ( |2.18 ) , where we can instead think 
of weak tableaux as these sequences of A:-bounded shapes. 
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Example 2.15. The seven tableaux that make up the terms in the expansion of /1431 in 
terms of A;-Schur functions with A; = 6 are 
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Lastly, let us turn to the language of the affine symmetric group and 
leading to the dual fc-Schur functions. Here, the weak Fieri rule is, for an 
nian element v, 



hr s. 



(fc) 

V 



E 

It— cyclically decreasing 



The iteration of this relation produces another interpretation of the weak 
First, for any /c-bounded partition fj,, define a fi-factorization of w to be 
of the form w = w^^^^ ■ ■ - w^ where tu* is a cyclically decreasing element of 
for affine Grassmannian elements w and r, Kw)r is the number of a(r)- 
w. In particular, if we consider the case that o(t) = (1,1,..., 1), then 
is precisely the number of reduced words for w. 



retrace the steps 
affine Grassman- 

(2.21) 

Kostka numbers, 
a decomposition 
length /ij. Then, 
-factorizations of 
the weak Kostka 



number K^l- 



(k) 

Example 2.16. Note from the previous example that the coefficient of mnnn in S521 
is 4 indicating that there are 4 reduced words in 5*3 for the affine Grassmannian element 
corresponding to the core (5,2, 1); they are S2S0S3S2S1SQ = S0S2S3S2S1S0 = S0S3S2S3S1S0 = 
S0S3S2S1S3S0. 

From here, we again use the line of reasoning and duality to arrive at the interpretation 
for dual /c-Schur functions as 



(2.22) 



From the definition and symmetry of the weak Kostka numbers, the dual A:-Schur functions 
are the weight generating function: 



(2.23) 



over all cyclically decreasing w^. This interpretation for dual A;-Schur functions was gener- 
alized in [78j to a family of symmetric functions called affine Stanley symmetric functions. 
For an arbitrary affine permutation (not just an affine Grassmannian element), these are 



defined by (2.23) where the requirement that a cyclically decreasing element must be a 
Grassmannian element has been dropped (Chapter [3| Definition 3.2). The affine Stanley 
functions are in Sage and we can do computations with dual fc-Schur functions by taking 
affine Grassmannian elements. 
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Sage Example 2.17. We verify Example 2.12 in Sage by first converting the indexing 
partition (3, 2, 1) to an affine Grassmannian element: 

sage: mu = Partition( [3,2, 1] ) 
sage: c = mu.to_core(3) 
sage: w = c . to_grassmannian() 
sage : w. stanley_synmetric_f unction () 

4*m[l, 1, 1, 1, 1, 1] + 3*m[2, 1, 1, 1, 1] + 2*m[2, 2, 1, 1] 

+ m[2, 2, 2] + 2*m[3, 1, 1, 1] + m[3, 2, 1] 
sage: w.reduced_words() 

[[2, 0, 3, 2, 1, 0], [0, 2, 3, 2, 1, 0], [0, 3, 2, 3, 1, 0], 
[0, 3, 2, 1, 3, 0]] 

Alternatively, we can access the dual fe-Schur functions from the quotient space: 

sage: Sym = SymmetricFunctions (QQ) 
sage: Q3 = Sym.kBoundedQuotient (3,t=l) 
sage: F3 = Q3 . af f ineSchur () 
sage: m = Q3 . kmonomialO 
sage: m(F3( [3 , 2 , 1] ) ) 

4*m3[l, 1, 1, 1, 1, 1] + 3*in3[2, 1, 1, 1, 1] + 2*m3[2, 2, 1, 1] 
+ m3[2, 2, 2] + 2*m3[3, 1, 1, 1] + m3[3, 2, 1] 

2.4 Strong marked tableaux and a monomial expansion of A;-Schur func- 
tions 

(k) 

The Fieri rule for the dual fc-Schur functions 63^ is probably less intuitive than the one 
for the fc-Schur functions because it does have coefficients in the expansion which are not 
simply 1 or 0. In the last section we gave an explicit definition of the dual A;-Schur functions 



in (2.17), so it is possible to experiment with these elements to see how they behave under 
multiplication by an element hr G A^^^^. Through the following computations we hope to 
demonstrate how it might be possible to experiment with data for the Fieri rule for the 
dual A;-Schur functions and then later explain what that Fieri rule is. 



Example 2.18. In Example 2.12 we computed the dual A;-Schur function indexed by 



(3, 2, 1) for A; = 3. Using the tableau definition of the dual /c-Schur functions from Equa- 



(3) 

tion (|2.17|) it is possible to expand &\ for all 3-bounded partitions A of size 7 and use this 



(3) 

to find the expansion of hi&^2i- If the fc-Schur functions up to size 7 are already known, 
then this also can be computed using the duality. In particular we obtain 

= 26^1 + + 36gn + Gsiin • (2-24) 

This example demonstrates that if a dual fc-Schur function indexed by a partition A is 
multiplied by hi, the resulting partitions indexing the functions in the expansion do not 
necessarily contain A (notice that (3, 2, 1) is not contained in (3, 1, 1, 1, 1)). 
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Sage Example 2.19. We now demonstrate how the computations for Example 2.18 can 



be carried out in Sage. The dual A:-Schur functions can be accessed through the /c-bounded 
quotient space: 

sage: Sym = SymmetricFunctions (QQ) 

sage: Q3 = Sym.kBoundedQuotient (3,t=l) 

sage: F3 = Q3 . af f ineSchur () 

sage: h = Sym.homogeneousO 

sage: f = F3 [3,2, 1] *h[l] ; f 

F3[3, 1, 1, 1, 1] + 3*F3[3, 2, 1, 1] + F3[3, 2, 2] + 2*F3[3, 3, 1] 



In terms of 3-bounded partitions, it is not so clear how to interpret the coefficients in the 
expansion in Example |2.18 However, in terms of 4-cores it becomes more obvious. The 
4-core of (3, 2, 1) is contained in the cores of the partitions in the expansion: 



sage: c = Partition( [3,2, 1] ) .to_core(3) 
sage: for p in f. support (): 

... print p, SkewPartitionC [p.to_core(3) .to_partition() ,c.to_partition()] ) 

[3, 1, 1, 1, 1] [[5, 2, 1, 1, 1], [5, 2, 1]] 

[3, 2, 1, 1] [[6, 3, 1, 1] , [5, 2, 1]] 

[3, 2, 2] [[5, 2, 2] , [5, 2, 1]] 

[3, 3, 1] [[7, 4, 1] , [5, 2, 1]] 

The corresponding skew diagrams are 



n 



in the expansion of hi6^^^ equals the number of connected components of c(^)/c(A). Al- 
ternatively, we may mark the lowest rightmost cell of one of these connected components 
and the number of ways of marking is equal to this coefficient. 



respectively. Comparing with (2.24), one is led to conjecture that the coefficient of (3 



(k) 



Recall that we defined a strong marked horizontal strip of size r in Equation (1.10) as 
a sequence cores 

. . . 

and integers ci < C2 < ■ ■ ■ < Cr such that (k^*), q) is a marking for each 1 < i < r. 

It is in these terms that we state the Fieri rule for dual fc-Schur functions. 
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Theorem 2.20. ^ Theorem 4.9] For r > 1, 



/.,.6f = (2-25) 



where the sum is over all strong marked horizontal strips 

= (c(A) = ^^'^ /^^'^ ^k---^k /^^^^) (2.26) 

with markings c* = (ci < C2 < • • • < Cr). 

Iterating the Fieri rule on the dual fc-Schur functions defines a different notion of 'semi- 
standard tableaux'. We say that a strong marked tableau of shape A h m (or shape c(A) if 
the shape is more properly given as a (A; + l)-core) and content a = (ai, 02, ... , a^) with 
ai + 02 + • • • + ad = m and ctj > 1 is a sequence of {k + l)-cores 

= ^('^ ^fc • • • ^k ^('"^ = c(A) (2.27) 

and markings c* = (ci, C2, . . . , Cm) such that {k^'"\ k^'"~^^\ . . . , k^^^"'')) and {cv+i,Cv+2, ■ ■ ■ ,Cv^ 
with V = ai + ■ ■ ■ + Or-i forms a strong marked horizontal strip for each 1 < r < d. 



Recall from Section 1.4 that a strong marked cover is also an application of a trans- 
position tij in the affine symmetric group to a core (either by the left or right action, see 



Proposition 1.26 ). Therefore, it is possible to also view a tableau as an element of the affine 
Grassmannian written as a sequence of these transpositions. The condition that a sequence 
of transpositions Ua+tja+t ' " ^ia+2ja+2'^ia+ija+i^iaja forms a strong marked horizontal strip 
(with the left action) implies that ja < ja+i < ■ ■ ■ < ja+b- 

Example 2.21. Consider the path 

^3 (1) ^3 (2) ^3 (2, 1) ^3 (3, 1, 1) ^3 (3, 1, 1, 1) ^3 (3, 3, 1, 1) 

^3 (4,3,2,1) ^3 (4,4,2,2). 

We choose a = (2,2,3,1) and a sequence c = (0, 1, — 1, 2, — 3, 1, 3, — 2) as a sequence of 
markings which form strong marked horizontal strips of the lengths given by the entries 
of a to demonstrate the concept of a strong marked tableau. The strong marked tableau 
of shape (4, 4, 2, 2) records all cells representing strong marked horizontal strips labeled 
with the same main label but subscripted by which set of ribbons they belong to. The cell 
which is marked (the head of one of the ribbons) will be indicated by including an * as a 
superscript. Hence the example above is represented by the diagram: 
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This example is also represented by the following sequence of transpositions with the 
left action 

i-2-li34*02*-3-2i23^-10^12ioi 

which act on the empty 4-core. Each transposition adds the strong marking in a horizontal 
strip according to the tableau. 

This same example is also represented using the right action of the transpositions by 

toito2t-llto5t-2lt-i2to6t-52 ■ 

(k) 

Just as we did for semi-standard and weak tableaux, we set Kj^^ to be the number of 
strong marked tableaux of shape A and weight fi. By iterating the Fieri rule on dual k- 
Schur functions and using the notion of strong marked tableaux to record the terms which 
appear in the expansion of products of elements of the homogeneous symmetric functions, 
we have that for a partition fih m (not necessarily A;-bounded) 



h,. 



E 

A:Ai<fc 



(2.28) 



Then for a partition A h m with Ai < k, 



(2.29) 



We have hidden all of the work that is needed to show the monomial expansions of 
/c-Schur functions and their duals are correct by this presentation. In fact, the proof |81j 
follows a nearly reverse path of reasoning to demonstrate the results we have presented 



here. Equation (2.29) is taken as the definition of the fc-Schur functions and (2.17) is the 
definition of the dual-A;-Schur functions, and then the argument uses combinatorics and 
algebraic expressions to show that these elements are dual. The combinatorial part of that 
argument is developed in Section [6) 

(3) 

Example 2.22. Consider the coefficient of 171421 in •53211- H is calculated by finding all 
strong marked tableaux that begin with a horizontal strip of length 4 and hence contains 





I4 




the subtableau 


1* 


1 * 

J-2 


1 * 


1 * 



This is followed by a horizontal strip of length 2 and hence 



contains one of the five subtableaux: 



14 


21 


2* 




11 


1; 


I3 


1 * 


2i 


22 



I4 


21 


22 




1^ 


I2 


IS 


1 * 


2i 


^2 



I4 


2i 


22 




11 


I2 


15 


1 * 


^1 


^2 



1; n n 2 



I3 I4 22 
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There are 9 strong marked tableaux of shape c(3,2, 1,1) 
which are given by the following 



(6,3,1,1) of weight (4,2,1) 



3i 






3i 
3^ 






3i 

3^ 






3^ 
2^ 






3i 
2* 






u 


^1 


^2 




I4 


n* 
^1 


22 




I4 


2i 


22 




I4 


2* 


3i 




I4 


0* 
^2 


3t 




11 


^ 


1 * 


I4 2i 22 _ 


1*1 


1 * 


15 


11 2i 2* 


11 


I2 


1 * 
^3 


±4 _ 


1^ 




I3 


I4 22 3i _ 


11 


1 * 

J-2 


1,3 


I4 22 3i 



3i 

Q* 
^1 






3^ 
0* 
^1 






3i 
0* 
^1 






3i 

^1 






I4 


0* 
^2 


3i 




I4 


22 


3i 




I4 


22 


3^ 




I4 


22 


3i 




1! 


1 * 


1 * 
^3 


I4 22 3i _ 


n 


1^ 


1 * 
^3 


I4 22 3i ^ 


1*1 


I2 


^3 


J-4 ^2 ^1 . 


1| 


12 


I3 


I4 Z2 Oi 



A similar argument can be used to find any coefficient of for any /U h 7, however there are 
210 strong marked tableaux of shape c(3, 2, 1, 1) = (6, 3, 1, 1) and weight (1, 1, 1, 1, 1, 1, 1) 

(3) 

and hence we will not show the complete computation of S3211 using this method. 

In later sections we will roughly outline how this formula is proven by generalizing the 
Robinson-Schensted-Knuth algorithm. 

Remark 2.23. We have been purposely lax in our notation to make some of the concepts 
slightly easier to follow, but the duality creates a few issues with the element which rep- 



resents 6^^^ in A^'^-'. The equalities in Equations (2.25) and (2.28) represent equality in 



the realization of the dual algebra A^'^^ = A/(m\ : Ai > /c^, so the equality really means 
equivalence in the quotient algebra. For computational purposes, we would typically take 
a representative element from the linear span of {mA}Ai<fc) but for certain purposes a mul- 
tiplicative basis might be more desirable. In those cases, the basis {p\}x^<k works well 
since Pr G {m\ : Ai > /c) for r > k. A combinatorial formula for S^'^'' in terms of the power 
sum basis is also known by reference [?]• 



2.5 A;-Littlewood— Richardson coefRcients 

Although the original definition [92j of A;-Schur functions was inspired to explain the pos- 
itivity of the expansion of Macdonald symmetric functions in terms of Schur functions, 
it has since been established that the theory of fc-Schur functions and their duals can be 
naturally applied to study problems in geometry, physics and representation theory. 

The application of A;-Schur functions to geometric problems began when Lapointe and 
Morse discovered that their structure constants could be identified with certain geometric 
invariants in a way that mimics the identification of Littlewood-Richardson coefficients 



with Schubert structure constants in the Grassmannian variety (recall from Section 1.6); 
computation in the quantum cohomology of Grassmannians reduces to fc-Schur calcula- 
tions. The (small) quantum cohomology ring QH* [Gxin) is a deformation of the classical 
cohomology ring that is motivated by ideas in string theory (e.g. PI I155j ). As abelian 
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groups, QH*{GT£n) = H*{GT£n) tX" and the Schubert classes ax with A G form a 
Zlo'J-linear basis, where recall that V^" is the set of all partitions in an ^ x (n — £) rectangle. 
The appeal lies in the multiplicative structure which is defined by 

q c^^ , 

kl = l>l + lM|-tin 

where are the 3-point Gromov-Witten invariants, counting the number of rational 
curves of degree d in Gi£n that meet generic translates of certain Schubert varieties. 

As with the usual cohomology, the quantum cohomology ring can be connected to 
symmetric functions. In particular, 

Qi?*(Grfe)^ (A(,)^Z[g])/jf , 

where J^" = (e„_£+i, . . . ,en-i,en + (— When A G 7^^", the Schubert class ax still 
maps to the Schur function sx implying that for A,/i G V^"', 

Y.cl^s, modJ,^«= ^'^A^- (2.30) 

kl = |A| + lM|-dn 

Unfortunately, there are v V^^ where Sy does not lie in J^". Instead, reduction modulo 
this ideal requires a complicated algorithm [51 [3^ 1671 1156j involving negatives. Therefore, 
the Schur functions cannot be used to directly obtain the quantum structure constants. 

It was proven in [97J that the fc-Schur basis can be used to circumvent this problem; 
the appropriate A;-Schur functions lie in J^" (as usual, we set n = A; + 1). To be precise, 

the k-Littlewood-Richardson coefficients are the structure coefficients c^^ of the algebra 
of A;-Schur functions 



^x 



Let n^''^"'"^ be the set of partitions with no part larger than £ and no more than k + 1 — i 
rows of length smaller than £. It is proven that sl!'^ modulo J^" reduces to a power of q 
times a positive Sj(^) when u G 11^" and is otherwise zero (where x{iy) G V^"' is the n-core 
of z^). Thus, considering 



4'^^^= E <''^i''+ E (2-32) 



the 3-point Gromov-Witten invariants are none other than a special case of /c-Littlewood- 
Richardson coefficients; for A,/x, G "P^", 

< = 4""'^ ' (2.33) 
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where the value of d associates a certain unique element i) G 11^" to each v. It also 
follows that the /c-Littlewood-Richardson coefficients include the fusion rules for the Wess- 
Zumino-Witten conformal field theories associated to 'su{l) at level k + 1 — i and certain 
Hecke algebra structure constants studied by Goodman and Wenzl in [53j . 



Note that the quantum structure constants (2.30 ) are only a subset of the complete set of 



/c-Littlewood-Richardson coefficients (2.32). To understand the bigger picture, recall that 
the /c-Schur functions are a basis for A(fc) and that A(fc) = ff*(Gr) where Gr is the affine 
Grassmannian quotient Gr = S'Lfe_|_i(C((t)))/5Lfc_|_i(C[[t]]) [21j. Bott also showed that 
H*{Gv) ^ A^'^), the space equipped with the dual A;-Schur basis. Morse and Shimozono 
conjectured that the /c-Schur functions and their duals are isomorphic to the Schubert 
classes of the homology and cohomology of the affine Grassmannian. Chapter [3] explains 
how Lam proved this conjecture. 

u(k) 

Many attempts have been made to understand the coefficients c^j^ but the complete 
combinatorial picture has yet to be drawn. Knutson formulated a conjecture for the subset 
of quantum Littlewood-Richardson coefficients as presented in [29] in terms of puzzles [71] . 
Coskun gave a positive geometric rule to compute the structure constants of the coho- 
mology ring of two-step flag varieties in terms of Mondrian tableaux. As will be discussed 
in Section |4.6[ the case when either A or /i is a rectangle with a hook of size k is special. 
Lapointe and Morse }96] showed that if ii is a rectangular partition with maximal hook k, 
then 

(fc) (fc) _ (fc) 

In |124j . Morse and Schilling used a sign- reversing involution on crystal bases to provide a 
combinatorial expression for the c^|f ^ that correspond to fusion coefficients when u has a 
cutting point. 

Recently there has been some progress in the understanding of these coefficients by 
viewing them in terms of the nil-Coxeter algebra. Slightly change the setting from the 
affine symmetric group to the affine nil-Coxeter algebra A„ of type A^-i defined by the 
generators Ao, Ai, A2, ■ ■ ■ , An-i satisfying the same relations as the affine symmetric group 



Equation (1.4) except that the quadratic relation is altered to be 



A^ = 0, 

for any i £ I := {0,1,2, . . . ,n — 1}. 

As before, n = k + 1. For 1 < r < k, we set 



hr — ^ ^ A^ 

w cyclically decreasing 



Note that the coefficient of in (2.23) is the coefficient of Ayj in ha^ha^ • • • ho,^ and thus. 



the affine Stanley symmetric function is 



^^(coefficient of Aw € h.ajn.a2 " " ' 
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As is stated in Theorem 8.6 of Chapter [3j the elements mutually commute and there 
is a subalgebra B„ C A„ which is generated by the elements for 1 < r < k. Moreover, 
B„ is isomorphic to A^^) and there is a coalgebra structure which encodes the structure 
of the dual algebra. The noncommutative k-Schur functions can be realized as elements 

hi with h- 
Let a, 

generators Ai in the affine nil-Coxeter algebra 

^axn^A^ . (2.34) 



(k) (k) 

sj^ G B„ in this algebra by expanding s\ in the homogeneous generators hi and replacing 

(k) 

Let a\w be the coefficients in the expansion of in terms of expressions in the 



(k) 

The expansion of s\ has a single term indexed by an affine Grassmannian permutation, 
it is precisely the affine Grassmannian permutation which corresponds to the partition A 
and the coefficient axw^ = 1 where o(A) = wx. 

By [TSl Proposition 6.7], the coefficient axw is the coefficient of Fx in the element F^. 
In [72], these coefficients were shown to be positive. Furthermore, by the arguments in |78| 
Section 17] it follows that 

c'x^^ = o-Xvw-i, (2-35) 



where w = o(/i) and v = o(i^), see Proposition 1.9 . 

Berg, Bergeron, Thomas, and Zabrocki [12j gave a combinatorial expansion of fc-Schur 
functions indexed by a rectangle with maximal hook k in the nil-Coxeter algebra of the 



form of Equation (2.34). This work was extended by Berg, Saliola, and Serrano [15] to 
give expansions of /c-Schur functions when the indexing partition is a 'maximal rectangle' 
with a smaller hook removed. In addition they proved some conjectures of |81| in [ll], in 
particular that "skew shaped" strong Schur functions are symmetric. 

Sage Example 2.24. We now show how to compute the noncommutative Schur functions 
in the affine nil-Coxeter algebra A„. We can construct all cyclically decreasing words from 
the reduced words of the Pieri factors for the affine type An-i where n = k + 1. 

sage: W = WeylGroupC [' A' ,3, 1] ) 

sage: [w.reduced_word() for w in W.pieri_factors()] 

[[], [0], [1], [2], [3], [1, 0], [2, 0], [0, 3], [2, 1], [3, 1], [3, 2], 
[2, 1, 0], [1, 0, 3], [0, 3, 2], [3, 2, 1]] 

Then the noncommutative homogeneous symmetric functions are given by summing over 
all cyclically decreasing words of specified length: 

sage: A = NilCoxeterAlgebra(WeylGroup( ['A' ,3, 1] ) , prefix = 'A') 
sage : A . homogeneous_noncommutative_variables ( [2] ) 
A1*A0 + A2*A0 + A0*A3 + A3*A2 + A3*A1 + A2*A1 
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The noncommutative A;-Schur functions are obtained by expanding the usual fe-Schur func- 
tions in terms of the homogeneous symmetric function: 

sage : A . k_schur_noncoiiimutative_variables ([2,2]) 

A0*A3*A1*A0 + A3*A1*A2*A0 + A1*A2*A0*A1 + A3*A2*A0*A3 + A2*A0*A3*A1 
+ A2*A3*A1*A2 

Now let us test that axw is indeed related to c^x]^\ The structure coefficient C2^2^^^ = 2 as 
we can see from the following computation: 

sage: Sym = SymmetricFunctions (ZZ) 
sage: ks = Sym.kschur(5,t=l) 
sage: ks [2, 1] *ks [2, 1] 

ks5[2, 2, 1, 1] + ks5[2, 2, 2] + ks5[3, 1, 1, 1] + 2*ks5[3, 2, 1] 
+ ks5[3, 3] + ks5[4, 2] 

Let V (resp. w) be the affine Grassmannian element corresponding to the 5-bounded 
partition (3,2, 1) (resp. (2, 1)). Then by (2.35) the coefficient of Ay^-i in Sg/ should also 
be 2: 

sage: mu = Partition ( [2, 1] ) 

sage: nu = Partition ( [3,2, 1] ) 

sage: w = mu. f rom_kbounded_to_grassinannian(5) 

sage: v = nu. f rom_kbounded_to_grassmannian(5) 

sage: A = NilCoxeterAlgebra(WeylGroup( ['A' ,5, 1] ) , prefix = 'A') 

sage: ks = A.k_schur_noncommutative_variables( [2, 1] ) 

sage: ks . coefficient (v*w" (-1) ) 
2 



2.6 Notes on references 



Note that in certain references (e.g. [93 ^19411^6] ) the notation for A^^) and A^'^^ are switched. 
We chose our convention to be consistent with [79] , where the notation is motivated from the 
relation between these spaces and the homology /cohomology of the affine Grassmannian. 
In reference [93l Conjecture 21] it is stated that the /c-Schur functions defined using 



an algebraic definition satisfy the Fieri rule of Equation (2.19). Later references \95\ |96] 



do use Equation (2.19) as the definition and prove properties from this point of view. 
The definition used in \93\ [9l] will be presented in the next section and is conjecturally 
equivalent to Equation (2.19) at i = 1. 



The proof of Theorem 2.20 is cited here as due to the affine insertion algorithm that was 
studied by Lam, Lapointe, Morse and Shimozono [HT]. This algorithm will be discussed 
further in Section [6. 3[ A bijective algorithm is used to show that there is a duality between 
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strong and weak orders on affine Grassmannians that is manifest in the Fieri rules for 
fc-Schur functions and their duals. 

When the details of affine Stanley symmetric functions are carried out in Chapter |3j 
there is a minor difference of notation; the affine nil-Coxeter algebra is denoted A„ in 
Section 2.5 and as Aaf in Chapter [sj In |132j . Postnikov used the affine nil-Temperley~Lieb 
algebra, which is a quotient of the nil-Coxeter algebra, to provide a model for the quantum 
cohomology. 



3 Definitions of /c-Schur functions 



In the previous section we defined A;-Schur functions and their dual basis using the notions 
of strong and weak tableaux, but these are parameter less symmetric functions. In this 
section we will provide the original definition of fc-Schur functions as well as several others 
that are conjecturally equivalent. 



3.1 Atoms as tableaux 



The origin of the tableaux definition (1.40) comes from identifying the A;-Schur functions on 
the poset of standard tableaux ranked by the charge statistic. It is known that there is one 
Schur function in the expansion of the Macdonald symmetric functions for each standard 
tableau, so given that the /c-Schur functions are these irreducible components of the Mac- 
donald symmetric functions, it is natural to try to connect them with standard tableaux. 
These conjecturally symmetric functions were first given the name 'atoms' because they 
are the indecomposable pieces that come together to give Macdonald symmetric functions. 
They can be determined experimentally and from that point it is possible to conjecture 
beautiful properties that they hold. 



Example 3.1. From Example 1.44 we 'know' that A^^ [X; t] = S22+is3i+t^S4, ^211 i^'^ = 
•S211 +t'S3i, ^1111 i-'^;*] = siiii + ts2ii + t^S22- The following picture contains the standard 
tableaux of size 4 graded by charge. The tableau on the left has charge 0, the one on the 
right has charge 6 and otherwise the left to right positions depends on the value of the 
charge. On this diagram we have circled the groups of these tableaux which represent the 
atoms: 
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Moreover using the same method as in Example 1.44 to compute the 3-Schur functions, we 

■S31 + ts4. We then 



(3) 

obtain s\{^-^[X;t\ = sim + ts2ii, s 
picture these symmetric functions as groups of tableaux on the tableaux poset ranked by 
charge by placing a circle around the 'copies' of the 3-Schur functions: 



(3) 



211 



S2II + tSsi, 8^22 



(3) 



S22, S31 







4 
3 




3 




2 




2 
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4 








4 
3 




3 




1 


2] 


1 


2 1 4 1 



Notice in this example that the atoms of level A; = 3 are contained in those of level 2. 
We will see later that it is a property of /c-Schur functions that the ones of level k always 
expand positively in terms of /c-Schur functions of level k + \. 

At = 4 the A:-Schur function s^^^ = sx for A h 4. Hence if we were to redraw the 
picture and circle the pieces representing the /c-Schur functions, then each tableau would 
be in its own circle. This observation shows that moving from level 2 to 3 to 4 is that the 
circles representing the A;-Schur functions break into smaller and smaller pieces. 

The atoms can be computed by means of a recursive combinatorial procedure. We 
will describe each of the steps as operations on tableaux. The operators will act on a 
single tableau or a set of tableaux (depending on what is appropriate) and return a set of 
tableaux. 

First we define as the operator which takes a tableau with a cells labeled with i 
and b cells labeled with i + 1 and changes it into a tableau with h cells labelled by i and 
a labelled with i + 1. This is done by considering the reading word and placing a closed 
parenthesis ")" under each letter in the word labelled with an i and and an open parenthesis 
"(" under each letter in the word labelled by an i + 1. The word naturally has cells which 
have matching open and closed parentheses and the remainder of the parentheses are 'free.' 
Change the free open or closed parentheses and their corresponding labels so that in the 
end there are b labels with i and a labels of i + 1 . The result of this operation is the tableau 
of the same shape, but with this new reading word. This operation is also known as the 
'reflection along an i-string' in a crystal graph, see for example |106j . 

Example 3.2. Consider the action of (T3 on the semi-standard tableau 
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2 


3 


3|4| 



Because there are four more 3s in the word than there are 4s, we should change four 
of the label 3s to the label 4. Reading the entries in this tableau that are 3 or 4 only, 
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the word is 4334333334 which, replacing 4 with ( and 3 with ), corresponds to the word 
of parentheses ())()))))(• If we ignore all the parentheses which match up and change the 
rightmost four unmatched closed parentheses to open parentheses, this corresponds to the 
word ())()(((((—>• 4334344444. Now this sequence of labels is placed back in the tableau in 
the positions of the labels of 3 and 4, and the resulting tableau is 
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5 


5 
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4|4 



The next operation is an analogue of the Fieri rule on tableaux. Define an operation 
B,. for r > 1 which adds a horizontal strip of size r to the tableau in all possible ways and 
then acts by operators o"j to change the weight so that there are r labels of 1. That is, if 
we take a tableau T of shape A h m, 

Mr(T) = {o"icr2 • • • a£(^^){T C jj,) : /i/A is a horizontal strip of size r} 

where T C. fj, represents the semi-standard tableau T as a sequence of partitions with an 
additional partition fi attached. 



Example 3.3. Consider the action of B3 on the tableau 
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E. This is equal to 
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The last notion that we need is that of a katabolizable tableau. To introduce this defin- 
tion we need the notion of jeu de taquin, Knuth equivalence or the Robinson-Schensted- 
Knuth algorithm. We introduce a generalization of the Robinson-Schensted-Knuth algo- 
rithm in Section [oj We assume here that the reader is familiar with this notion (and if not 
then one can skip ahead a few sections or consult |139| for example). 

Let T be a tableau with reading word w. The definition that T is katabolizable with 
respect to a sequence of partitions A^*) = (A^^^, A^^^ . . . , A*^^)) is recursive. It is required that 
r = £(A(i)). Then let w = uv, where u is the largest subword of w that does not contain 
an r. Let v' be v with all letters 1 through r deleted. We say that T is katabolizable 
with respect to A^*) if T contains as a subtableau the semi-standard tableau of shape A^^-* 
and weig ht A(i) and if RSK(i;'n) = (P, Q) where P is a tableau which is (A^^\ . . . , A^*"^) 
katabolizable with the labels shifted by r. 

Example 3.4. Consider the tableau 





"31 










2 


2 


3 




T = 


1 


1 


1 


4 



which is katabolizable with respect to the sequence of partitions ((3, 2), (2, 1)). This is 
because r = ^(A*^^^) = 2. Furthermore, the reading word of T is = 32231114 = uv, where 

2231114. Then v' 



■u = 3 and v = 2231114. Then v' = 34 and the P tableau of RSK(?;'ii) is SB]. 

Now T is not katabolizable with respect to the sequence ((3), (2, 2), (1)). The reason is 
that in this case u = 3223 and v = 1114, so that v' = 4. Then the P tableau of RSK(t;'ti) is 

3 



2131 and this tableau does not contain 



and hence it is not katabolizable with respect 



to the sequence ((2, 2), (1)). 



Recall that we introduced the notion of the A;-split of a partition in (1.2). Now define 
an operator on tableaux IC"'''^ that acts on a set of tableaux with partition weight A such 
that kills all tableaux that are not katabolizable with respect to the fc-split of A and 
keeps the ones that are katabolizable. 

Example 3.5. Consider the action of on the following set of semi-standard tableaux 
with weight (2, 1, 1, 1, 1). Since (2, 1, 1, 1, 1)^^ ^ (^(^2, 1), (1, 1, 1)), a tableau will only sur- 



vive if it contains 1 1 1 1 1 as a subtableau. 
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(k) 

Given a A;-bounded partition A, we define the fe-atom A-^ as a set of tableaux which 
are computed recursively as 



A '^1 (A2,A3,...,Af(;^)) 



(3.1) 



2 

Example 3.6. We can compute the atom a[^^ = and ]B2(A['j^) = | 



3 
2 




[2" 




1 


11. 


1 


1|3 



}■ 



3 
2 




"21 




1 


1|. 


1 


1|3 



1 1 3 | | because each of these tableaux survives the operator 



The atom A^2n - 

K.~^^. As we have seen in Example 3.3, we know what the action of B3 on the first tableau 
is, and there are six additional tableaux when Bs acts on llll3 so that 



4 

3 






4 
3 




f3" 
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3] 
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1|1|2|, 
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m, 
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1I1I2I4I. 
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1 


1 



1 1 1 1 1 2 1 3 1. 
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1 



mm.iiiiiii2i3m 



(3.2) 

It is an unusual situation, but all 10 of these tableaux are katabolizable with respect to 
the sequence (3, 2, 1, 1)^3 ^ ((3)^ (2, 1), (1)) and hence survive the operator 1C~^^. 
If on the other hand, we do the computation with A; = 4, we find 



A. 



(4) 

221 



3 




2 




1 


1| 



and A 



(4) 
3211 
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3 






3 
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2 




2 


2 




1 


1 


1|. 


1 


1 


114 



(3.3) 



We can check (3.3) in Sage via 



sage: la = Partition( [3,2, 1 , 1] ) 
sage: la.k_atom(4) 

[[[1, 1, 1], [2, 2], [3], [4]], [[1, 1, 1, 4], [2, 2], [3]]] 

(k)r (k) 

Now we define the symmetric function [X'j't] in terms of the set of tableaux A-^ as 



(3.4) 



(fe) 
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Example 3.7. The charge of the tableau of shape (3,2,1,1) in (3.3) is 0, whereas the 
charge of the tableau of shape (4, 2, 1) is 1. Hence we obtain 

^3211 1"'^;*] — '^3211 +iS421 . 



The element ^32^]^[X;i] is a generating function for the tableaux in (3.2) with a term 
of the form t raised to the charge times the Schur function indexed by the shape. By 
computing the charge of each of these tableaux we determine 

^Sli^; t] = S3211 + tS4ni + {t + t'^)s421 + tS331 + {t^ + t^)s511 + t^S43 + ^^552 + t^^ei ■ 

The atoms by this definition are conjectured to be a basis of the space 



^(fc) = %(g,t)){^A[X;g,t] : Ai < A:} 



X 



1-t 



: Xi<k} 



(3.5) 



= ^Q{iq,t)){Q'\[^;t] ■■ Xi<k} . 

However, no proof that these functions are even elements of this space currently exists. 
3.2 A symmetric function operator definition 

In this section we present a conjecturally equivalent definition for fc-Schur functions that 
is in similar spirit to the atom description given in the previous section, but now with an 
algebraic flavor. 



In Section 1.7 we defined the operator which has the property that ^rn{Q'x[X; t]) 
Q'^^ x)[-^y A- We now define a new operator in terms of the as 



Ba:= n {I - tR.j)'Bx,Bx, ■ ■ 

l<j<jr<£(A) 

where 

Rij (B^j B^2 • • • B^^^^j ) = B^j B^2 ■ ■ ■ B/ii+i • • • 
Alternatively B^ is also given by the equation 



B 



(3.6) 



B 



B 



(3.7) 



where the sum is over partitions and fj, such that £{1^) < i{X) and < £{X) and 



{Sfj,sx,Si,) is the Littlewood-Richardson coefficient from (1.25) 



The 'parabolic' Hall-Littlewood symmetric functions that we will need are defined in 
terms of these operators. For a sequence of partitions A^*) = (A^^), A^^), . . . , A^'^)) define the 
symmetric function 

Hx{*)[X',t] = B;^{i)B^(2) • • • B;^(d)(l) . 
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It is easy to see from (3.7) that when t = 1, we have H^(,)[X; 1] = s^{l)S^^(2) ■ ■ ■ s^(d). 
The index set of these symmetric functions is much larger than the set of partitions, 
so that these elements are not linearly independent. In fact, these symmetric function 
interpolate between the Hall-Littlewood symmetric functions and the Schur functions since 
H^X)[^i't] = sa, that is, the element indexed by a list containing exactly one partition, 
and ^^((Ai),(A2),.-.,(Af(A))) ["'^i ^] ~ Qa[^;*]' th^t is, the element indexed by a list where each 
partition is a single part of A. 

There is a conjectured combinatorial interpretation for the expansion of H^^(,)[X;t] 
(see |150j ) if A*-*-* is a sequence of partitions such that the concatenation of the partitions in 
A^*) is a partition (i.e. if for each of the adjacent partitions in A^*) we have A^*^^^.)^ > A^*^^^). 
In this case 

H^M [X; t]=Y, ^^'"■■"^^'^^^shape(T) , (3.8) 

T 

where the sum is over all tableaux T which are katabolizable with respect to A^*''. 

The first algebraic definition of /c-Schur functions requires an intermediary basis; the 
/c-split basis for A*^,^. This basis is made up of, for each /c-bounded partition A, G^^^ [X;t] = 
Hx-^k[X;t]. 

(3) 

Sage Example 3.8. The 3-split basis element Ggg^x is a t-analogue of the product of 
•S3'52iSi- The operators Ba are programmed in Sage and we may calculate B(3)B(2,i)B(i)(l) 
in the following steps: 

sage: s = SymmetricFunctions (QQ ['t ']). schur () 
sage: Gl = s[l] 

sage: G211 = Gl .hl_creation_operator( [2, 1] ) ; G211 
s[2, 1, 1] + t*s[2, 2] + t*s[3, 1] 

sage: G3211 = G211 .hl_creation_operator ( [3] ) ; G3211 

s[3, 2, 1, 1] + t*s[3, 2, 2] + t*s[3, 3, 1] + t*s[4, 1, 1, 1] 

+ (2*t"2+t)*s[4, 2, 1] + t-2*s[4, 3] + (t-3+t"2)*s [5, 1, 1] 

+ 2*t"3*s[5, 2] + t"4*s[6, 1] 

This calculation shows that B(2 i)(-si) = + + ts and 

B3{s^ +ts +ts ) = s +ts +ts +ts +{t + 2t^)s +t^s^ 

^ ^ a E_ ^ ^ 



PI ^ ^ ^ Mill I 



(3) 

and this expression is equal to G^2\_i- 
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Then, to arrive at the /c-Schur functions, a second operator is needed. Let T^^'^ be an 
operator on symmetric functions defined so that 



G\^'[X;t] ifAi=i, 
otherwise. 



(3.9) 



For /c-bounded partition A, the elements ^A[-'^;i] were defined in [33] by a recursive 
algorithm; if ^(A) = 1 and r < k, then A^^-^[X; t] = Otherwise we set for Ai < m < A;, 



A 



(k) 



"{m,Ai,A2,...,A,(;,))K'-' "J - -^m x^m^^(fe, K>- , "J • (3-10) 

Example 3.9. The 3-split of (2, 1, 1) is (2, 1, 1)^^ ^ (^2, 1), (1)), hence 

4^1^ = B2(sil) = (S211 + tS3i) = rf (G(?i - Gg) = S211 + tS31. 



Moreover, we may calculate using Example 3.8 that 



B3(4fl) = S3211 + tS331 + tS4111 + {t + t^)si21 + t^S43 + (^^ + t^)s51 + ^^852 + t^SQi 
— ^3211 ~ ^•5322 — ^^•5421 — S52 ■ 

We can also determine that G322 = S322 + ^■5421 + ^^^52 (using the same techniques as in 
Example 3.8), so that 



4(3) _ 7.{3)p5 / 1(3) ^ _ ^(3) ^(3) 
^3211 - -^3 ^3l^21lJ - ^3211 " *'^, 



322 



(3) 

This (not coincidently) is equal to ^32]^i[X;t] as was calculated in Example 



3.7 



The algebraic operations mimic those of the combinatorial definition defined in the 
previous section and so it is important to emphasize that the combinatorial and algebraic 
definitions are equivalent. 



Conjecture 3.10. For k > and a k-bounded partition A, 

A['\X;t]=A['\X;t]. 



(3.11) 



3.3 Weak tableaux II 

We have seen that a fruitful characterization for A;-Schur functions (without parameter t) 



is given by inverting (2.14); for fJ-i < k 

h 



(fc) Jk) 
6 \ 



M ~ -"-A^t ''A ' 

A:Ai<fc 



(3.12) 
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(k) 

where the weak Kostka numbers count weak A;-tableaux. Here we present /c-Schur 
functions that reduce to these parameterless A;-Schur functions when t = 1. The method 
is to introduce weak Kostka-Foulkes polynomials as polynomials in N[t] defined by refining 
the charge statistic to a statistic that associates a non-negative integer called the fe-charge 
to each fe-tableau. Then setting 

ErW(t)= ^ ikcharge(r)^ 

shapo(T) = c{A) 
WGight(T)=fi 

it happens that K{^^{t) = 1 and since there are no /c-tableaux of shape c(A) and weight 



when /X > A, the /c-charge matrix K^^^{t) is unitriangular. So, in the spirit of ( |3.12 ) 



Q'^[X-t] = Y,Kf}{t)sf\x-t] (3.13) 
A 

characterizes the functions {s^'^^ [X; t]}. 

There are several different characterizations for fc-charge. We give here two distinct 
formulations defined directly on /c-tableaux, discovered by Lapointe-Pinto and Morse |100| 
136] . There are other formulations including one on a-factorizations and one on an object 
called affine Bruhat countertableau [351 ES] . 

The /c-charge statistic on A:-tableaux is first described in the standard case since it is 
in these terms that we define it for semi-standard /c-tableaux. Important to the definition 
is a number diag(ci,C2), associated to cells ci and C2 in a (/c -|- l)-core, defined to be the 
number of diagonals of residue x that are strictly between ci anc C2 where x is the residue 
of the lower cell. When it is well-defined to do so, functions defined with a cell as input 
can instead take a letter as input. For example, in a standard /c-tableau it is natural to 
discuss the residue of a specific letter (since any cell containing that letter has the same 
residue) instead of the residue of a specific cell. 

Definition 3.11. Given a standard /c-tableau T on m letters, put a bar on the topmost 
occurrence of letter r, for each r = 1, . . . , m. Define the index of T, starting from Ii = 0, 

by 

{Ir-i + 1 + diag(f, r — 1) if f is east of r — 1 
Ir-i — diag(f, r — 1) otherwise , 

for r = 2, . . . , m. The k-charge of T is the sum of entries in I{T), denoted by kcharge(T). 
Example 3.12. For k = 3, 



42 






23 


6o 




lo 


3i 


42 53 6o 



I{T) = [0, 0, 1, 1, 3, 3] =^ kcharge(r) = 8 , 
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It is not immediately clear that the fc-charge is a non-negative integer and it is sometimes 
helpful to use a different formulation of A;-charge. Let T<x denote the subtableau obtained 
by deleting all letters larger than x from T. 



Definition 3.13. Given a /c-tableau T, the T-residue order of {0, 

x>x-l>--->0>A;>--->a; + l, 



, /c} is defined by 



where x is the residue of the highest addable corner of T. Note that x = 1— ^(A) (mod k+1), 
for A the shape of T. 

Example 3.14. With k = 3, consider 

T 



43 




lo 


2i 


32 


43 



^<3 



lo 2i 32 . 



The r<3-residue order is3>2>l>0 and the T-residue order is 2 > 1 > > 3. 



Given a standard /c-tableau T on m letters, define the index J{T) 
starting from Ji = 0, by setting for r = 2, . . . , m, 



Jr-i + 1 if res(r) > res(r — 1) 
Jr-i otherwise, 



5 •J'tril 1 



(3.15) 



under r<r-residue order (see Example 3.16). 
Proposition 3.15. For a standard k-tableau T of shape A, 

kcharge(r) = ^ ( J,(r) + diag(c„ c)) , 

r 

where Cr is the highest cell containing an r and c = {1{X) + 1, 1). 
Example 3.16. For k = 3, 



Ir 



6o 



3i 



J(T) = [0, 0,1, 1,2, 3], diag(c5, (4, 1)) = 1 



kcharge(T) = 8 . 



42 53 6o 



Remark 3.17. Given a standard A;-tableau of shape A where k > h{X), the index conditions 
(3.14) and (3.15) both reduce to (1.37). Thus, since a diagonal of residue x occurs at most 
once in A for any x, /c-charge reduces to charge. 

As with the charge of Lascoux and Schiitzenberger, we extend the definition of k- 
charge to semi-standard fc-tableaux by successively computing on an appropriate choice 
of standard sequences. The trick is to introduce a method for making this choice in k- 
tableaux. 
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Definition 3.18. From an x (of some residue i) in a semi-standard A:-tableau T, the 
appropriate choice of x + 1 will be determined by choosing its residue from the set A of 
all {k + l)-residues labelling x + I's. Reading counter-clockwise from i, this choice is the 
closest j £ A on a circle labelled clockwise with 0, 1, . . . , A;. 



Remark 3.19. Definition l3.18l reduces to Definition ll.40l when T is a semi-standard tableau 
of shape A and k > h{X). In particular, consider x of (A; + l)-residue i in T. Note that 
h{X) < k implies there is a unique cell c of residue i that contains x. Let j be the first 
entry on the circle reading counter-clockwise from i that is a residue of a cell containing 
x + 1. If there is an x + 1 above c, then the south-easternmost cell containing an x + 1 that 
is above c has residue j since there are no x + I's of a residue counter-clockwise between 
i and j. If there are none above c, then for the same reason, the south-easternmost cell 
containing an x + 1 has residue j. 

Example 3.20. With A: = 4 and weight (2, 2, 2, 2, 2, 2, 1): 





J = [0, 0, 0, 1, 1, 1, 1] and diag(c4, c) = 1 = [0, 1, 1, 1, 2, 2] 

/ = [0, 0, 0, 2, 1, 1, 1] since diag(3, 4) = 1, diag(4, 5) = 1 / = [0, 1, 1, 1, 2, 2] 
Using either index / or J, we find that the A;-charge of T is 12. 



3.4 Strong tableaux II 



The definition of the fc-Schur functions in terms of strong marked tableaux as in (2.29) also 



has a version with a parameter t. For this definition we need to define the spin of a strong 
marked ribbon. Recall that if r and k are {k + l)-cores such that r =>fc k, then k/t is a 
skew partition which consists of several copies of connected components which are ribbons 
of the same size and shape. Let h represent the height of one of these ribbons (that is that 
it occupies h rows). Now a strong marked cover consists of the skew partition k/t and a 
marking c of one of the connected components. If there are r connected components in 
k/t, then the spin of a marked cover is equal to (/i — 1) x r plus the number of ribbons 
which are above the marked one. 

The spin of a strong marked tableau, k^^^ = =^fc k^^^ =^k '^^^^ =^fe ■ ■ ■ k-^™'^ with 
markings ci,C2, ■ ■ ■ ,Cm is the sum of the spins of the strong marked ribbons k^^^/k*^*"^) 
with marking q. 



3. DEFINITIONS OF K-SCHUR FUNCTIONS 

Example 3.21. Recall from Example |2.21 the marked semi-standard tableau with k 
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= 4: 



3| 


4* 




22 


33 


9* 
^1 


32 


3*2 


4i 


I] 


12 


2*2 


3*3 



There is a contribution of 1 to the spin for the ribbon of cells labelled by 22 and there is 
a contribution of 1 due to the labeling of the lower occurrence of 33. Therefore the total 
spin of this tableau is 2. 



The /c-Schur function (this time with a t) in terms of strong tableaux are defined as 
(see also l8l| Conjecture 9.11]) 



mI-|a| (k(*),c,) 



(3.16) 



where the sum is over all strong marked tableaux c*) of shape A and weight fi. 



Example 3.22. For this definition, there is a reason to choose a smaller example for 
computation. We have thus far used as our running example the 3-Schur function indexed 
by the partition (3, 2, 1, 1). For the coefficient of the monomial miinin there are 210 strong 
marked tableaux. To choose a smaller example we take as an example the 3-bounded 
partition (3,1,1) which corresponds to the 4-core (4,1,1) which has 10 strong marked 
tableaux in total. The strong partial order on 4-cores contains the following interval (see 
Figure 2.5 ): 
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These correspond to the foUowing 10 marked strong standard tableaux: 



5* 
4 




1* 


2* 


3* 


4* 



4 
4* 




1* 


2* 


3* 


5* 



4 
3* 




1* 


2* 


4* 


5* 



4 
2* 




1* 


3* 


4* 


5* 



5* 
3* 




1* 


2* 


4 


4* 



4* 
3* 




1* 


2* 


4 


5* 



4* 
2* 




1* 


3* 


4 


5* 



5* 
2* 




1* 


3* 


4 


4* 



2*3* 4 



3* 
2* 




1* 


4 


4* 


5* 



The first four of these strong marked standard tableaux have spin equal to 1 and the 
remaining 6 have spin equal to 0. There is a semi-standard tableau of weight which 
corresponds to the standard tableau if the cells labeled 1,2, . . . , /ii form a strong marked 
horizontal strip, //i + 1, /^i + 2, . . . , /ii + //2 form another strong marked horizontal strip, 
etc.. Prom these 10 strong marked standard tableaux it is possible to read off that 



^(3) 
'311 



[X; t] = tm4i + tm32 + (1 + 2i)m3ii + (1 + 2t)m22i + (3 + 3t)m2iii + (6 + 4t)muun ■ 

The definitions A'^^\X;t], Af\X;t], s''^\X;t], and s'^^\X;t] of what are generically 
known as fe-Schur functions have very different characters. Each connects to a different 
area of algebraic combinatorics and has its own benefits and detriments. The conjectured 
properties of fc-Schur functions are sometimes clear from one definition, but difficult to 
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prove for another. In the next section we will examine these properties and see why it 
would be very beneficial to resolve the following conjecture. 



Conjecture 3.23. For k > and a k-bounded partition X, 



X;t]=Af\x-t] = Af>[X;t] 



X;t]. 



3.5 Notes on references 

The atom definition of the fc-Schur functions was the first description and they were referred 
to by Alain Lascoux as potatoes ('les patates') since when copies of the atoms were identified 
on photocopies of the cyclage poset they could be circled to form tuber-like shapes (which 
we have endeavored to recreate in Example 3.1). The combinatorial definition uses the 



concept of katabolizable tableaux |148t I149| which generalizes the notion of cyclage which 
comes from [112] . The non-recursive definition of the charge statistic on tableaux also 
comes from |112j. 

It turns out that the atom definition is still roughly the easiest and fastest definition to 
implement on a computer. The implementation of the fc-Schur functions in Sage use s the 
definition of A^^\X;t]. For this reason, it is important to note that while Conjecture 



3.10 



has been checked up to degree m = 19, Conjecture |3.23| has only been checked up to 
bounded partitions of m = 11, but for m > 11 there is currently no proof that these 
definitions are equivalent in general, even for t = 1. 



The operators from Equation (3.6) were defined by Shimozono and Zabrocki in |151j 
as a tool for understanding the generalized Kostka polynomials (also known as parabolic 
Kostka coefficients) that were studied by Shimozono and Weyman [150j . The combinato- 
rial interpretation for the Schur expansion of a composition of these operators when the 
indexing partitions concatenate to a partition in terms of katabolizable tableaux is still 
an open problem. Certain cases of this are known (e.g. |146| ) and its resolution would be 
helpful in attacking Conjecture 3.10 In 



plj the Bernstein operators at t = 1 are used to 
derive a recursion relation for the fe-Schur functions which allow an easy expansion in the 
complete homogeneous basis. 

In References [961 EZ] the definition of the /c-Schur functions at t = 1 is taken to be 
the symmetric functions which satisfy the /c-Pieri rule of Equation (2.19). Later Lam, 



Lapointe, Morse and Shimozono (81j showed that the fc-Schur functions which satisfy the 
/c-Pieri rule (2.19) are equivalent to Equation (3.16) at t = 1, and Equation (3.16) is [STj 



Conjecture 9.11]. Assaf and Billey [6l Definition 3.2] have a slightly different statement of 



Equation (3.16) as a quasi-symmetric function expansion in the fundamental basis. 



Recently, Dalai and Morse ^35j have proven a second characterization of the /c-Pieri at 
t = 1 which leads to a very different sort of tableaux that enumerate K^^ ■ They use these 



tableaux to provide an alternative combinatorial interpretation to Equation (1.38). 



We note that the line between what is called a 'conjectured property' and what is called 
a 'definition' is sometimes a little blurry because we have provided several definitions of k- 
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Schur functions which are conjectured to be equivalent. There are reasons to do this instead 
of taking one as definition and the rest as conjectured formulas; historically the A;-Schur 
functions were presented in the literature this way. However, we note that there may be 
more definitions of the fc-Schur functions than presented in this section. For instance, the 
A:-shape poset presented in Section [7| and the representation theoretical definition which is 
briefly discussed in Section 5.5 are two other properties which may be taken as definitions, 
but are currently only conjectured to be equivalent to the definitions presented here. 



4 Properties of /c-Schur functions and their duals 

In this section we list many of the properties of the /c-Schur functions, both conjectured 
and proven. This section is mainly meant to be a statement of the 'current state of affairs' 
and is likely to change. There may not be a lot to say about each of these properties and 
instead we provide a proper reference for the statement of the conjecture or property, but 
we shall endeavor to add a few words about what needs to be proven in order to say why 
the property is true. The properties are each marked in the discussion with one of four 
headers A^''^ A^''^ s^^\ s^^"^ to indicate comments on which of the four definitions (the 



3.3 



A;-atom definition of Section |3.1[ the operator definition of Section |3.2i t he weak tableaux 
definition of Section • 



and the strong tableaux definition of Section 3.4|). Since s^^^ = s^^'' 



at t = 1 by |8H Theorem 4.11], we often group these two definitions together. 

4.1 /c-Schur functions are Schur functions when > |A| and when t = 

Note that the stated property for k > \X\ (resp. t = 0) are two different statements. 
Nevertheless, it has been proven for all definitions of the /c-Schur functions. It is known 
that = sx plus other terms indexed by partitions fi which are strictly larger in 

dominance order, each with a positive power of t as a coefficient. 

^(fc). (proven, |92^ Property 6]) When k is larger than the largest hook of A, then the only 
katabolizable tableau is the semi-standard tableau of shape A and weight A. The charge of 
this tableau is so it is clear that A^^^ [X; t] = sx. For t = 0, we know that A^^'^ [X; 0] = sx 
because only the tableau of shape A and weight A has charge in the atom tableaux. 

^(k). (proven, [93^ Property 8]) This is slightly more complicated than the tableau def- 
inition but notice that G^^\X;t] = sx H k > |A|. The action of the operator Bm(sA) = 
•5(m,Ai,...,Af(;^)) + other terms with first part which is larger than m (and hence will be killed 

by the operator Tm'^). Also at t = 0, the operator = and G^^\X; 0] = sx- 

s^^^: (proven, [Ml Property 39]) One would need to trace through the definition of the 
strong order, but for k > |A|, all marked strong tableaux will be standard tableaux and 
the markings of the marked strong tableaux are exactly the condition that these tableaux 
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should be isomorphic to semi-standard tableaux. Because the heights of the ribbons are 
all 1, the spins for all tableaux are 0. Therefore, s^-^\X; t] = ^ K^^m^ = s\. 



gik)- (proven) When k is large, weak A;-tableaux are usual semi-standard tableaux and (3.13 ) 
turns into the definition of Schur functions. Similarly, Q'^[X;0] = s\ which shows the 
second statement. 



4.2 The fc-Schur function is Schur positive 

In fact, a more refined conjecture to the statement that /j-Schur functions are Schur positive, 
is that the /c-Schur functions expand positively in the (A;+1)-Schur functions. This property 



is usually referred to as 'fe-branching' and is discussed in slightly more detail in Section 4.10 
and again in Section [7j Repeated applications of the A;-branching property yields a positive 
expansion of the A;-Schur functions in the Schur functions. An explicit rule for the k- 
branching formula with a t is conjectured in [82* Conjecture 1]. 

^(^): (proven, \92\ Property 7]) This property follows directly from the definition. Since 
A^^\X; t] is a sum of Schur functions, one for each tableau in the set, this property is true 
by definition. 



iC'): (conjecture, [Ml Equation (1.6)]) Equation is an outstanding conjecture due to 



Shimozono and Weyman [150J that H^^^,) [X; t] is Schur positive whenever the concatenation 
of all of the partitions of A*-*^ form a partition (which happens for all A;-splits of partitions). 
Conjecture 3.10| is likely to follow from this conjecture and hence so would the property 



that A^^\X;t] is Schur positive. 
gi^)- (for arbitrary t it follows from |82^ Conjecture 1], for t = 1 follows from |82| Theorem 



2]) In Section [7| we will give a precise conjecture of how s\ [X;t] expands positively in 
s^^^^\X;t]. If we iteratively apply that rule, it must be that s^-^\X;t\ expands positively 

in the limit as k increases, and when A; > Ai +^(A) — 1 then s^^^ [X; t] = sx[X]. In addition, 
some conjectures of [HI] were proven in |T1], in particular that "skew shaped" strong Schur 
functions are symmetric. 

Assaf and Billey [6] convert the monomial expansion of fc-Schur functions in terms of 
strong marked tableaux into a quasi-symmetric function expansion. They conjectured that 
a dual equivalence graph structure can be placed on strong tableaux and using Assaf's 
earlier work [HIS] this structure can in theory be used to show that the s^^\X;t] are Schur 
positive as long as a computer check on a finite number of elements is completed. Billey 
informs us that this calculation has a current estimated running time which is quite long 
and has not yet been completed. 

s^'^); (conjecture, proven for t = 1) Since s^^^ = s^^^ for t = 1, this property is true 
by \S2\ Theorem 2]. A promising approach for generic t is underway; by duality, the 
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positivity of [N;t\ in terms of s/j [X;t]'s follows from the positivity of dual k + 1- 
Schur functions into dual /c-Schur functions. This, in turn, would follow by showing that 
there is a compatibility between fe-charge and the weak bijection introduced in |82) . A 
partial solution has been given in [lOOj . where the compatibility is shown for standard 
/c-tableaux. 



4.3 At t = 1, the fc-Schur functions satisfy the fc-Pieri rule 

In Sections |2.2| and |2.4| we discussed the A;-Pieri rule at t = 1. It states that for 1 < r < k, 



hrsf\X; 1] = s^/^'[X; 1] where the sum is over all partitions /i such that /i h |A| + r, 
c(A) C c(;u) and c(;u)/c(A) is a weak horizontal strip. 

A^^'^: (conjecture [92l Conjecture 41]) The tableaux operations for the definition of the k- 
atoms are somewhat unusual and more work needs to be done to understand many of their 
properties. Combinatorially, the /c-Pieri rule is most clearly stated in terms of + l)-cores, 
the connection between fc-atoms and [k + l)-cores is not clear in this definition. 

A^'^^: (conjecture |93l Conjecture 21]) In order to prove this property it seems as though 
it would be necessary to understand the commutation relationship between multiplication 



by a symmetric function and the operators Tj of Equation (3.9) when t = 1 



g{k). (^proven [96', Theorem 29]) This property follows by showing that the number of 
weak /c-tableaux of weight a equals the number of fc-tableaux of weight /3, for /3 any 
rearrangement of the parts of a. 

g{k). ^pj-Qven |81t Theorem 4.11]) It was proven in [81j that s^^^ = s^^^ when t = 1. The 
result then follows from the Fieri rule on s^-^^ from |96j . 

It is conjectured that the /c-Schur functions also satisfy a t-analogue of the fe-Pieri 



rule Equation (2.19) where the operator takes the role of multiplication by hm (and 
reduces as such when t = 1). Recall that Zabrocki |157j determined the action of 
on Schur functions in his thesis and he gave a new proof for the charge formulation of 
Hall-Littlewood polynomials Q\[X;t]. 

Given a (A; + l)-core A with Ai = m, let p be the unique partition whose first part is m 
and where p/X is a horizontal strip of size m (that is, p is obtained by adding a cell to the 
top of each column of A). For p(A)i <r<k, Maria-Elena Pinto conjectured that 

Brs['\X;t]= Yl t'^^''^si'^[X;t], (4.1) 

/i/A weak r-strip 



where a{p) is the number of cells of p/X whose residue does not label a cell of p/X (see 
also [36] for a different conjectured formula using strong order chains in A^). 



4. PROPERTIES OF K-SCHUR FUNCTIONS AND THEIR DUALS 
Example 4.1. Let A; = 5 and consider A = (4, 2, 1, 1), so that p(A) = (3, 2, 1, 1). 
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and their respective powers are t^, (the cell of residue 1 in /?), (the cell of residue 5 in 
p) , (the two cells of residue 2 in p) and (the cell of residue 1 and the 2 cells of residue 
2 in p). This gives 

^ssfl,^i[x;t] = 4a2,i,i[^;*] +* 412,1,1 [^;*] + *41i,i,i[^;*] 

+ i'5S,2,i[^;i] + *'^§,2,i[^;*]- 

As with the action of on a Schur functions, if m < Ai, the fc-Schur expansion of 
^m{s^x\X; t]) has negative terms. Currently, there is no conjecture describing these terms 
that cancel when t = 1. 

Sage Example 4.2. Here we demonstrate the action of the operator on the fc-Schur 
function basis. For A; > m > Ai — 1 this is conjectured to expand positively in the fc-Schur 
basis. 

sage: Sym = SyimnetricFvinctions(FractionField(QQ['t'] )) 

sage: ks4 = Sym.kschur (4) 

sage: ks4([3, 1, 1] ) .hl_creation_operator( [1] ) 

(t-l)*ks4[2, 2, 1, 1] + t-2*ks4[3, 1, 1, 1] + t~3*ks4[3, 2, 1] 

+ (t~3-t"2)*ks4[3, 3] + t~4*ks4[4, 1, 1] 
sage: ks4([3, 1, 1] ) .hl_creation_operator( [2] ) 
t*ks4[3, 2, 1, 1] + t'-2*ks4[3, 3, 1] + t'2*ks4[4, 1, 1, 1] 

+ t~3*ks4[4, 2, 1] 
sage: ks4([3, 1, 1] ) .hl_creation_operator ( [3] ) 
ks4[3, 3, 1, 1] + t*ks4[4, 2, 1, 1] + t'2*ks4[4, 3, 1] 
sage: ks4([3, 1, 1] ) .hl_creation_operator ( [4] ) 
ks4[4, 3, 1, 1] 
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4.4 /c-conjugation 

The cj-involution sending sx to s\i acts simply on A;-Schur functions as well. It was conjec- 
tured in [92l[93] that, for some non-negative power of t, 

io{s['\X;t])=t's^i},[X-l/t], (4.2) 
where A"^* is a A:-bounded partition obtained uniquely from A. Later, it was show in |95| 



that A*^* corresponds to usual conjugation in the /c + l-core framework (see Definition 1.18). 
One consequence of /c-branching [82] is that the power of d counts cells of c(A) with hook 
greater than k (see also [33j). 

^4^'^): (conjecture [92^ Conjecture 36]) Using the definition of /c-Schur functions in terms 
of tableaux atoms, there is definitely an orientation in the definition of katabolism that is 
not compatible with the notion of conjugation of the tableau. This is because the first step 
of the definition involves a split of the reading word of the tableau which involves reading 
the rows, and it really is not clear how this would carry to the columns. 

One possible approach to the tableaux definition would be to show that there is a 

(k) (k) 

bijection between the tableaux in the atoms and A^J,. . Since the /c-conjugation is 
most easily expressed in terms of {k + l)-cores, it seems that some connection between 
atoms and {k + l)-cores will need to be found. 

A^''^: (conjecture [931 Conjecture 40], at t = 1 this is [Ml Conjecture 19]) Since the 
algebraic definition depends on the operation of fe-split, it is not clear how the action of u 
interacts with the individual operators. There is some hope that some algebraic tools will 
be developed to resolve this conjecture by looking at the expansion in terms of s\[X/ (1 — t)] 
since for an element /[X;t] G A*^^ it is at least known that uj{f[X; 1/t]) £ 

s^^\ 5^=): (conjecture, for t = 1 this is [96^ Theorem 38]) At t = 1 this property follows 
because of [961 Theorem 33], where a formula for the product of and a A;-Schur function 
is given as 

-4'^=E^^ (4-3) 

where the sum is over all A;-bounded partitions /i of size ]A] + r such that fi/X is a vertical 
strip and fi^'^/X'^'' a horizontal strip. 



Sage Example 4.3. Let us check an example of equation (4.2) by a calculation in Sage. 
In order to invert the parameter t, we must first expand the A;-Schur function in a basis 
which is independent of the parameter t. In fact, if we apply the involution w alone, the 
function no longer lies in the space spanned by the /c-Schur functions. However, if we apply 
u and invert the parameter, then it does belong to the right space. 



sage : Sym = 



SymmetricFunctions (FractionField(QQ [' t '] ) ) 
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sage: ks3 = Sym.kschur (3) 
sage: ks3( [3,2] ) .omega () 
Traceback (most recent call last) : 

ValueError: t~2*s[l, 1, 1, 1, 1] + t*s[2, 1, 1, 1] + s[2, 2, 1] is not 
in the image of Generic morphism: 

From: 3-bounded Symmetric Functions over Fraction Field of Univariate 
Polynomial Ring in t over Rational Field in the 3-Schur basis 
To: Symmetric Functions over Fraction Field of Univariate Polynomial Ring 
in t over Rational Field in the Schur basis 

sage: s = Sym. schur () 

sage: s(ks3[3,2]) 

s[3, 2] + t*s[4, 1] + t''2*s[5] 

sage: t = s .base_ring() .gen() 

sage: invert = lambda x: s .base_ring() (x . subs (t=l/t) ) 
sage: ks3(s(ks3( [3,2] )) .omegaO .map_coefficients (invert) ) 
l/t-2*ks3[l, 1, 1, 1, 1] 

In fact, there is a short-cut for the last computation in Sage by simply asking 

sage: ks3[3,2] .omega_t_inverse() 
l/t-2*ks3[l, 1, 1, 1, 1] 



4.5 The fc-Schur functions form a basis for A*^^.^ 



Recall from Equation ( |3.5| ) that the definition of A*^^ is the linear span over Q{{q,t)) of 
the symmetric functions H\[X; q, t] (or sx[X/ (1 — t)] or Q'^[X; t]) over all partitions A with 
Ai < k. For each of our definitions, it is not necessarily clear that the /c-Schur functions 
even lie in A|^^. However, if they do and if they are linearly independent, they will form a 
basis since they are also indexed by A:-bounded partitions. 

A^^^: (conjecture |92l Conjecture 8]) The atoms are known to be linearly independent |92| 
Property 7] since they are triangular with respect to the Schur functions. Nevertheless, it 
remains a conjecture that they are elements of A*^^; their combinatorial definition does not 
give a direct connection with the known bases of A*^^ . It seems as though the most likely 



means of proving this conjecture is to show Conjecture 3.10, otherwise there is no obvious 
connection with the spanning elements which define A|^^ . 



A^^^: (proven \93\ Theorem 33]) This result is non-trivial because it is not easy to demon- 

^^\X; t] form a basis of A|^^. 



strate that the elements G^^\X; t] form a basis of A^ 
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s^'^'^: (conjecture, discussion of this definition is in ^8li Section 9.3] but this particular 
property is not directly addressed; at t = 1 this is [96^ Property 27]) In reference [96] the 



(k) 

/c-Schur functions s\ are defined as the basis which satisfies the fc-Pieri rule of (|2.19|) and 



(k) 

from that definition it is clear that s\ £ ^(k)- The fact that they form a basis follows 
from a unitriangularity relation with the basis {hx : Xi < k} that follows from the fc-Pieri 
rule. 

g{k). (pj-Qven [35]) Since Q'x[X; t] forms a basis of A^^^ and the matrix K^^^{t) is invertible, 
s'f\X;t\ also forms a basis of A*^^. 



4.6 The A;-rectangle property 

A remarkable property of the /c-Schur functions is that it is trivial to multiply any by a 
fc-Schur function indexed by a /c-rectangle - any partition of the form {&~^^^). Precisely, 
for any /c-bounded partition A and any integer 1 < ^ < A;, 

C^) (^) (A A\ 

where XL) v depicts the partition obtained by putting the parts of A and u into non- 
increasing order. In fact, this property has a generic t analog in which the Schur function 



s^k+i-e is replaced by the operator B^fe+i-^ defined in Equation (3.6). Then, given A and 
an integer 1 < i < k, 

B(,.-.+.).f [X;t] = tlH-^(MK.W_,^,^^^[X;t] , (4.5) 

where A = (/i, z^) with /^^(^) > I > vi. A by-product of this result is that any A;-Schur 
function can be obtained by /c-rectangle translation of elements in a distinguished set of k\ 
fc-Schur functions. These kl elements are those indexed by irreducible partitions -partitions 
with at most k — r parts of size r, for 1 < r < k. For any /c-bounded partition i^, up to a 
t-factor, 

si^^[X;t]=BR,BR,---BjiJ^^\X;t], (4.6) 
where A is the irreducible partition obtained by removing A;-rectangles Ri, . . . ,Rd from u. 

A^''^: (conjecture |92l Conjecture 21]) This is not known and there are no obvious tech- 
niques to be tried. One caveat of the atom definition is that the t = 1 case does not simplify 
things; the result is also unknown when t = 1. 

J^C^); (proven |94^ Theorem 26]) This is shown by developing properties of the Ba operators 
and the commutation relations with the operator T^^. 

gik) ^ g(k). (conjecture, but proven for t = 1 in [96,, Theorem 40]) When t = 1, the operator 
B/j reduces to multiplication by sr and it was shown that the linear operation of adding 



a A;-rectangle on a A;-Schur function commutes with the Pieri rule from Equation (2.19). 
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4.7 When t = 1, the product of fc-Schur functions is A;-Schur positive 

Note that A*^^ is not an algebra and the product of two arbitrary fc-Schur functions does 
not remain in the space. However, when t = 1, the space M"^) = ^(k) ^^'^ discussed in 



Section 
defined 



2.2 
W 



y{k) 



Equation (2.8) is closed under multiplication. The structure coefficients c^^ 



are non-negative integer coefficients. Recall from Section 2.5 that these are now called k- 
Littlewood-Richardson coefficients and they are a family of constants that includes Gromov- 
Witten invariants for complete flag varieties, WZW-fusion coefficients, and the structure 
constants of Schubert polynomials. 

A'^'^^: (conjecture ||92i Conjecture 39]) Note that the /c-Pieri rule is a special case of 
computing the product of two fc-Schur functions. As discussed in Section|43j the techniques 
to work with atoms have yet to be developed and even this 'simple' case remains unproven. 
However, the atom definition is likely to be useful in gaining insight into the combinatorial 
nature of the structure coefficients. 

A^^'^: (conjecture |931 Conjecture 20]) In this case we have again that the fc-Pieri rule 
at t = 1 is a conjecture, showing that it is sufficient to show that s^^\X; 1] = A^^\X] 1] 

since this characterizes s^^\X] 1] and the result is known in that case. It seems that the 
algebraic definition using operators might be helpful finding a t-analogue of the coefficients 



g(k) ^ g{k). (|pi-oven [79^ Corollary 8.2]) Lam |i79j proved that the s^^\X; 1] are isomorphic to 
the Schubert basis for the homology of the affine Grassmannian. From geometric consid- 
erations, it follows that the structure coefficients c^^^ enumerate certain curves in a finite 
flag variety. 

4.8 Positively closed under coproduct 

The space A|^j is not an algebra, but since it is linearly spanned by the elements sx[X/ (l—t)] 
for Ai < A:, it is a coalgebra under the coproduct deflned by 

A{sx[X/{l -m = Y^ c^.MX/{l - t)]sAY/{l - t)] (4.8) 
(where the are the Littlewood-Richardson coefficients). Compare this also with the 



coproduct (1.28) on A. Since if A is A;-bounded then all of the terms /x, u which appear in 



this expansion will also be /c-bounded, it is conjectured that if the coefficients C^^(t) are 
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defined as the coefficients in the expansion 

A{s['\X;t]) = j;C^^W(t).W[X;t].W[y;t] , (4.9) 

then the C^^{t) are polynomials in t with non-negative integer coefficients. 
A^^"*: (conjecture [92l Conjecture 17]) 
A^^^f: (conjecture |93l Conjecture 41]) 

s*^'^-*: (conjecture, proven for t = 1 in [79l Corollary 8.1]) Because of the duality of the 
elements &^lf^ to the elements s^^\ it follows that at t = 1, the basis ^ of the space 

A(fc) 

multiplies as 

A 

where C^('^)=C^('^)(1). 

Although we can say httle about the A^^^i and A^^^ cases, we can determine from the 
definition of s^'^^[X;t] that 

r>0 r>0 

In this special case the coefficients are 



C^^Pjt) = E fpin{«W,c.) 



H{r) 

with the sum is over all strong marked horizontal strips from c(;u) to c(A). That is, the 
sum runs over k^*\c^, which are (A; + l)-core tableaux of the form 

= c(A) ^fc ^k---^k K^''^ = (4.10) 

and markings ci < C2 < ■ ■ ■ < Cr where q is the content of the lower right hand cell of one 
of the ribbons of k^^^ /k^*"^) and where spin(K(*), c=k) is defined, as before, as the sum of the 
spins of the strong marked ribbons {n^'^'^ / k^'^~^\ Ci) . 

s^^^: (conjecture) For t = 1, s^^'^ = s^^^ and hence also follows from |79| Corollary 8.1]. 

Sage Example 4.4. Here is a calculation in Sage where we observe that the coefficients 
that appear in an example of (4.9) are polynomials in N[t]. 

sage: Sym = SymmetricFunctions (FractionField(QQ [' t '] ) ) 
sage: ks3 = Sym.kschur (3) 
sage: ks3 [3, 1] . coproduct () 

ks3[] # ks3[3, 1] + ks3[l] # ks3[2, 1] + (t+l)*ks3[l] # ks3[3] 
+ ks3[l, 1] # ks3[2] + ks3[2] # ks3[l, 1] + (t+l)*ks3[2] # ks3[2] 
+ ks3[2, 1] # ks3[l] + (t+l)*ks3[3] # ks3[l] + ks3[3, 1] # ks3[] 
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4.9 The product of a fc-Schur and £-Schur function is (A;+£)-Schur positive 

Recall that one characterization of A|^^ is that it is the linear span of {sx [X/{1 — t)]}^_^^j,. 
Now if we know that / G Aj^^ and g G A*^-| then we know by the Littlewood-Richardson rule 
that fg will be in the linear span of {sx [X/ (1 — i)]};^j<jt+^- By the discussion in Section 4.5 
it is not even clear that the products ^ [X; t]sif^ [X; t] or Af^ [X; t]A^^^ [X; t] wiU be in the 
space A*^_|^^^, but it has been proven that Jl^'^^ [X; t]^[f^ [X; and s^^\x ; t\s^i^\x ; t] is an 
element of A*^_|_^^ . 

Given that the product of a fc-Schur function and an £-Schur function is in the linear 
span of A*^^^^, it is natural to conjecture that the resulting product will be {k + £)-Schur 
positive. We do not know of an attribution for this conjecture but it seems to have been 
passed around in discussions and talks on the subject. 

Sage Example 4.5. We demonstrate an example of this conjecture in Sage by showing 
that the product of a 3-Schur function and a 2-Schur function expands positively in terms 
of 5-Schur functions. 



sage: Sym = SymmetricFunctions (FractionFieldCQQ [' t '] ) ) 

sage: ks2 = Sym.kschur (2) 

sage: ks3 = Sym.kschur (3) 

sage: ks5 = Sym.kschur (5) 

sage: ks5 (ks3 [2] ) *ks5(ks2 [1] ) 

ks5[2, 1] + ks5[3] 

sage: ks5 (ks3 [2] ) *ks5(ks2 [2 , 1] ) 

ks5[2, 2, 1] + ks5[3, 1, 1] + (t+l)*ks5[3, 2] + (t+l)*ks5[4, 1] 
+ t*ks5[5] 



4.10 Branching property from k to k + 1 

One of the properties that is easy to observe when conjecturing the existence of atoms is 
that the atoms seem to split into smaller piece s as k increases. In the limit (when k > |A|), 



we know that s^^\X;t\ = sx (see Section 4.1). Although it is clear that A*^,^ C A*^^-|^^, it 
is not easy to prove this branching property. 

One reason in particular that this is a difficult property to understand is that both 

(k) ~(k) 

the definition of A^ and A^ involve the operation of the fc-split, one in the katabolism 

procedure, and the other in the /c-split basis G^^\X;t]. In theory the /c-split of a partition 
A can be very different than the {k + l)-split of the same partition (e.g. consider the 
4 and 5 split of (4,4,4,3,3,3,2,2,1,1) which are ((4), (4), (4), (3, 3), (3, 2), (2, 1, 1)) and 
((4, 4), (4, 3), (3, 3, 2), (2, 1, 1)) respectively). A priori we would not expect to see that 
Af^ [X; t] expands positively in ^C^+i) [X; t] or [X; t] expands positively in A'^^^^^ [X;t]. 
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However this property was one that was used to conjecture/compute the /c-atoms before 
there was a first formal definition. 



Jk). 



(proven for t = 1 in 



\82\ Conjecture 3] is combinatorial formula) At t = 1, 



k + 1 branching for s^^\X;t] follows from the study |82j of a poset 



the proof of the k 

on particular partitions called /c-shapes. In Section [7] we will give some details on the 
combinatorics be hind these results and state the explicit combinatorial formula for this 

expands positively in the elements 



rule in Theorem 



7.7 



In short, [82] proves that s 



(k) 



and gives a conjecture for the expansion of s^^"^ [X; t] in terms of elements of the form 
For generic t, the same paper gives a conjecture formula Conjecture 



Sk+l) 



7.8 



and 



discusses the additional properties needed for the result to hold in general. Some progress 
has been made in this direction in [lOOj . 



s^^')-. (conjecture) At t 
refrence 



1, 



s'^ ' , hence the result in this case also follows from 



Sage Example 4.6. Here are some examples confirming the branching conjecture (for the 
implementation in Sage): 



sage: Sym = SymmetricFunctions (FractionField(QQ [' t '] ) ) 
sage: ks3 = Sym.kschur (3) 
sage: ks4 = Sym.kschur (4) 
sage: ks5 = Sym.kschur (5) 
sage: ks4(ks3 [3,2 , 1 , 1] ) 

ks4[3, 2, 1, 1] + t*ks4[3, 3, 1] + t*ks4[4, 1, 1, 1] + t~2*ks4[4, 2, 1] 
sage: ks5 (ks3 [3 ,2, 1 , 1] ) 

ks5[3, 2, 1, 1] + t*ks5[3, 3, 1] + t*ks5[4, 1, 1, 1] + t-2*ks5[4, 2, 1] 
+ t-2*ks5[4, 3] + t-3*ks5[5, 1, 1] 

sage: ks5(ks4 [3 ,2, 1 , 1] ) 

ks5[3, 2, 1, 1] 

sage: ks5 (ks4 [4,3, 3, 2 , 1 , 1] ) 

ks5[4, 3, 3, 2, 1, 1] + t*ks5[4, 4, 3, 1, 1, 1] 

+ t'2*ks5[5, 3, 3, 1, 1, 1] 
sage: ks5 (ks4 [4,3,3, 2 , 1 , 1 , 1] ) 

ks5[4, 3, 3, 2, 1, 1, 1] + t*ks5[4, 3, 3, 3, 1, 1] 
+ t*ks5[4, 4, 3, 1, 1, 1, 1] + t-2*ks5[4, 4, 3, 2, 1, 1] 
+ t~2*ks5[5, 3, 3, 1, 1, 1, 1] + t-3*ks5[5, 3, 3, 2, 1, 1] 
+ t'4*ks5[5, 4, 3, 1, 1, 1] 
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4.11 /c-Schur positivity of Macdonald symmetric functions 

Even equipped with all these definitions, it has yet to be understood why the Macdonald 



polynomials expand positively in terms of /c-Schur functions. Recall from (1.39) that, for 
any /c-bounded partition /x, the coefficients in 

A:Ai<fc 



are conjectured to be polynomials in q and t with non-negative integer coefficients. An 
ideal solul 
such that 



(k) (k) 

ideal solution to this problem would be to find statistics a/j and on weak tableaux 



Ki%t) = j:q^'''^^k''i''i^^ 
T 

where the sum is over all standard weak tableaux of shape A. Section [3^ discusses partial 
progress in this direction where such a solution is given for the cases K^^^{1, 1) = ^^^^^j^i 

and <^)(0, = 

A'^^^: (conjecture [92[ Conjecture 8]) This conjecture was the original motivation for 
studying fc-Schur functions; it was a promising attack on a combinatorial interpretation 
of the Macdonald-Kostka coefficients especially when coupled with the conjecture [921 Eq. 
(1.15)] that K\^{q, t) — K^^{q, t) is in N[q, t\. However, a clear combinatorial interpretation 

of K\^{q,t) remains elusive as does even the positivity of the polynomials K{^^{q,t). 

A^^^: (conjecture \93\ Eq. (1-7)]) A preliminary attack of the k = 2 case of this conjecture 
was considered in [UT] and [158j although the complete formulation of the conjecture had 
not been yet made. Lapointe and Morse together with Lascoux developed the ideas further 
into /c-atoms. Even without knowledge of this conjecture, the latter reference also refers to 
collections of tableaux as 'atoms' and some of the symmetric functions defined there were 
actually the 2- atoms. 



Jk). 



(conjecture '95' Eq. (11.6)]) It was because of the characterization of the A:-Schur 



functions as the basis that satisfies the A;-Pieri rule of Equation (2.19) that there is a 
combinatorial interpretation for K^^(l, 1) in terms of weak tableaux. 

s^''^: (conjecture) This is a conjecture, but for q = 0, Hn[X;0,t] = Q'^[X;t] and the 
definition |36| of sjf^ yields that ^^^^(O,*) = ^^^^(t). 

Sage Example 4.7. Here are some of the A;-analogues of the (g, t)-Macdonald-Kostka 
coefficients computed in Sage: 



sage: Sym = SymmetricFunctions (FractionField(QQ ['q,t ) ) 
sage: H = Sym. macdonald () .H() 
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sage: ks = Sym.kschur(3) 
sage: ks(H[3]) 

q"3*ks3[l, 1, 1] + (q"2+q)*ks3[2, 1] + ks3 [3] 
sage: ks(H[3,2]) 

q"4*ks3[l, 1, 1, 1, 1] + (q-3*t+q~3+q"2)*ks3[2, 1, 1, 1] 

+ (q~3*t+q~2*t+q~2+q)*ks3[2, 2, 1] 

+ (q"2*t+q*t+q)*ks3[3, 1,1]+ ks3[3, 2] 
sage: ks(H[3,l,l]) 

q"3*ks3[l, 1, 1, 1, 1] + (q-3*t"2+q-2+q)*ks3[2, 1, 1, 1] 
+ (q~2*t"2+q~2*t+q*t+q)*ks3[2, 2, 1] 
+ (q"2*t"2+q*t"2+l)*ks3[3, 1, 1] + t*ks3[3, 2] 

5 Directions of research and open problems 

In this section we consider further directions of fc-Schur research, some in their early stages. 
5.1 A /c— Murnaghan-Nakayama rule 

The Murnaghan-Nakayama rule |11H \12b\ I128| is a combinatorial formula for the char- 
acters Xa(a*) of the symmetric group in terms of ribbon tableaux. Under the Frobenius 
characteristic map, there exists an analogous statement on the level of symmetric functions, 
which follows directly from the formula 



Here pr is the r-th power sum symmetric function, sx is the Schur function labeled by 
partition A, and the sum is over all partitions A C ^ for which /i/A is a border strip of size 
r. Recall that a border strip is a connected skew shape without any 2x2 squares. The 
height height(///A) of a border strip /i/A is one less than the number of rows. 

In [7], an analogue of the Murnaghan-Nakayama rule for the product of pr times s\ 
is given. This is derived using the /c-Pieri rule, and is expressed in terms of the action of 
the affine symmetric group (resp. nil-Coxeter group) on cores. To give the precise result 
we need to make a couple of definitions. We define a vertical domino in a skew-partition 
to be a pair of cells in the diagram, with one sitting directly above the other. For the skew 
of two fc-bounded partitions A C we define the height as 



For ribbons, that is skew shapes without any 2x2 squares, the definition of height can 
be restated as the number of occupied rows minus the number of connected components. 
Notice that this is compatible with the usual definition of the height of a border strip. 




(5.1) 



height(/u/A) = number of vertical dominos in fi/X . 



(5.2) 
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Definition 5.1. The skew of two A:-bounded partitions, /^/A, is called a k-ribbon of size r 
if fj, and A satisfy the following properties: 

(0) (containment condition) A C ^ and A'^'= C ^"^fc; 

(1) (size condition) |/x/A| = r; 

(2) (ribbon condition) c(/x)/c(A) is a ribbon; 

(3) (connectedness condition) c(/i)/c(A) is /c-connected, that is, the contents of c(;u)/c(A) 
form an interval of [0, k] (where is A: are adjacent); 

(4) (height statistics condition) height (/i/ A) + height (^'^'-/A'^'') = r — 1. 
Then the fc-Murnaghan-Nakayama rule states: 

Theorem 5.2. For 1 < r < k and A a k -bounded partition, we have 



where the sum is over all k-bounded partitions /i such that fi/X is a k-ribbon of size r. 



Computer evidence suggests that the ribbon condition (2) of Definition 5.1 might be 
superfluous because it is implied by the other conditions of the definition. This was checked 
for k,r <11 and for all |A| = n < 12 and = n + r. Also, the A:-Murnaghan-Nakayama 
was only proven for the definition of fe-Schur functions s^^\X; 1] and 



rule of Theorem 
not in terms of A 



5.2 

W 

A 



X;l] OTAf\X;l]. 



Note that a Murnaghan-Nakayama rule potentially provides us with a fourth, indepen- 
dent definition of the /c-Schur functions in a manner similar to Equation (2.19). The fault 
with this approach is that it is not immediately obvious that this system of equations is 
invertible and consequently defines the elements s^^\ 

An analog of the Murnaghan-Nakayama rule for the elements 6^'^^[X] would give a 
combinatorial interpretation of the /c-Schur functions in the power sum basis at t = 1. 



6^^\X]. The quotient space A^'^) is implemented in Sage, but there are several means 
of computing the coefficients of pk&^^\x] by duality. As an example, let us compute 
P26?^[X]: 



sage: Sym = SyminetricFunctions (QQ) 
sage: Q3 = Sym.kBoundedQuotient (3,t=l) 
sage: F = QS.aff ineSchurO 
sage: p = Sym. power () 
sage: F[2,l]*p[2] 

-F3[l, 1, 1, 1, 1] - F3[2, 1, 1, 1] + F3[3, 1, 1] + F3[3, 2] 
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Hence this computation shows that 

„ (a;(3) _ (2;(3) , ^(3) ^(3) ^(3) 
P2t>21 - ^"32 + ^311 - '^2111 - fc'lllll- 

5.2 A rectangle generalization at t a root of unity 

Let (m be an m^^ root of unity (take Cm = e^'^*/™). A result due to Lascoux, Leclerc and 
Thibon |lU5j states that if A = (l^i , , . . . , d™'<') and nii = qim + for < < m, then 

Q'^[X; Cm] = {Q[r4X; U]r{Q[^^^[X; U]^ ■ ■ ■ {Q[d^)[X; Ud^'QliX; Cm] 

where u = {l'^^,2^'^, . . . ,(f'^)- A similar property is shown by Descouens and Morita |39j 
for the Macdonald symmetric functions. Namely they show 

Hx[X;q,Cm] = (%^)[X;g,Cm]r(%-)[^;9,Cm]r---(%-)[X;<?,Cm]ri^.[^;g,Cm] . 
Moreover it is shown in these references that 

Q(-^m-) [X; Cm] = Pm ° hj. 

and 

H^,^^[X- q, Cm] = Pm o hr[X/{l - q)] (jlil - g^-)^ 

where o is the operation of plethysm. 

Since at arbitrary t, both of these functions expand positively in A;-Schur functions, it 
is natural to ask if this property is shared by the A;-Schur functions themselves. At t = 1 
the A:-Schur functions satisfy (see Section 4.6) 

s[f,_,^,^[X; l]sf [X; 1] = s^^L^,^^^[X- 1] . (5.3) 

At an m*^ root of unity this property seems to generalize and we conjecture 
Conjecture 5.4. For £ < k and Cm = e^'^*/'" 

■^\^£m(k-e+l)-^[-^T Cm]s\^ ■^[^;Cm] = Cm] 

and moreover 

^(^/>m(k-e+i)-j[-^^ Cm] = Pm ° S^^^._f^i~^ [X; 1] . 

Sage Example 5.5. We demonstrate an example of this conjecture by building two copies 
of the A;-Schur functions in Sage, one where the parameter t is specialized to a fourth root 
of unity, and the other where t = I. Expanding these A;-Schur functions in the power sum 
basis makes it possible to see the relationship between these elements, checking the second 
relation: 



5. DIRECTIONS OF RESEARCH AND OPEN PROBLEMS 



99 



sage: R = QQ[I]; z4 = R.zeta(4) 
sage: Sym = SymmetricFunctions (R) 
sage: ks3z = Sym.kschur (3,t=z4) 
sage: ks3 = Sym.kschur (3, t=l) 
sage: p = Sym.pO 

sage: p(ks3z[2, 2, 2, 2, 2, 2, 2, 2]) 

l/12*p[4, 4, 4, 4] + l/4*p[8, 8] + (-l/3)*p[12, 4] 

sage: p(ks3[2,2]) 

l/12*p[l, 1, 1, 1] + l/4*p[2, 2] + (-l/3)*p[3, 1] 
sage: p(ks3[2,2] ) .plethysm(p[4] ) 

l/12*p[4, 4, 4, 4] + l/4*p[8, 8] + (-l/3)*p[12, 4] 

The first relation can be checked as follows: 



sage: ks3z[3, 3, 3, 3]*ks3z[2, 1] 
ks3[3, 3, 3, 3, 2, 1] 



5.3 A dual-basis to sf^[X;t] 



Recall from Section 1.7 that Px[X; t] is the dual basis to Q'x[X; t] with respect to the ( . , . 
scalar product. Moreover, we have the expansion (3.13) 



AI-|^|,Ai<fc 



and 



/ih|A|,/ii<A; 



(5.4) 



(5.5) 



where K{^^{t) t-enumerate weak tableaux of shape c(A) and weight jj,. A t-generalization 
for dual A;-Schur functions of Equation ( |2.17[ ) then comes out of this f3B] by duality, 

6f[X;t]:= Y (5-6) 

/ih|A|,/ii<fc 

These elements clearly live in a space spanned hy {Px[X;t]}xj^<k- In fact, by triangularity 
considerations of the symmetric functions P\[X;t], we have that 

:= £ {©f [X; t]] ^^^^ = C {Px[X; = £ {sx[X]},^^, = £ {mx[X]},^^, . 

While this space is not closed under the usual product, it is closed under coproduct. 
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Now recall from Section 1.7, that {Q')^[X]t], P^[X;t]) = 5x^. Hence 



sP[X;t],6['\X;t]) = J] K^^it)-' {Q'^[X;t],e['^[X;t] 



7i<fc 



7i<fc 

Therefore we can see that the elements | S^'^^ [X; t] | are another t- analogue of the Schur 

functions which, by triangularity considerations, live in the linear span of C{mx : Ai < A;} 

and are dual to t]| with respect to the usual scalar product. 

Just as with the space the linear span of the dual elements for the A:-Schur functions 
is a subspace and not an algebra with respect to the usual product. We can however make 
it an algebra, by introducing a product 



©(^) [X; t] •* [X; t]:=Y^ ) (t)©^ [X; t] 



(5.7) 



where the coefficients Cuj!'\t) are prec isely those defined by Equation (4.9). The coeffi- 

4.8 and they are conjectured to be polynomials in 



cients C^^\t) are discussed in Section 
t with non-negative integer coefficients. To be clear, we take as definition that the space 
is closed under a product where the structure coefficients are 



(5.8) 



There are several ways of computing a more explicit formula for these coefficients, but 
let us consider one that can be found by expanding the elements s^^\X;t] and (3^'^^[X;t] 
in the Schur basis. Since 



sf[X;t]=^{sf^[X;t],s,[X])s,[X] 

Mh|A| 



(5.9) 



and 



6'^^\X;t] = J2 (6['hX;t],s,[X]}s,[X] 



tih\\\ 



(fc)r 



(5.10) 



a formula for these coefficients is found by combining (5.8), (5.9), and (5.10) to obtain 
C«'>(() = 



E 



c-',^isy[X-t],se[X])(&i^')[X-t],Sr[X]){&P[X;t],s^[X]) (5.11) 



eh|A| 

Tl-|i/|,7l-|/i| 
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where the c^^ are the Littlewood-Richardson coefficients previously discussed. 

Little is known about this product and it would be useful to understand it in terms of 
another basis. However, it is possible to compute these coefficients as elements of a quotient 
algebra or, as we do here, define a projection operator and notice that the product •* is 

(k) 

simply the usual product followed by a projection into the space . 



Proposition 5.6. Let Q'^''^ be a projection from A to A^^\ the space spanned by f\ 



unc- 



tions dual to the k-Schur functions, defined by Q^^\P\[X]t\) = P\[X]t\ if Xi < k, and 
e^''\Px[X;t]) = OifXi>k, then 

6i'^[X;t] •* 6P[X;t] = e^^'\6^J^^X;t]&P[X;t]) . (5.12) 

Proof. In order to prove this we need to show that the coefficient of 6^'^^[X;f] in the 
expression e(^\ei^\X;t]eP[X;t]) is equal to CuP{t). Since s'^^\X;t] is in the lin- 
ear span of elements {Q'^[X;t]}x-^^<,k, we can conclude that the coefficient of &^^\X;t] in 
e^''\6i^\X;t]&P[X;t]) is equal to 

Q^''Hei'^[X-t]eP[X;t]),s['\X;t]) = (©« [X; t]6(f ) [X; t], [X; t]) . (5.13) 



We can use Equations (5.9) and (5.10) to expand the right hand side so that it is equal to 

{srs,,se) (ei'^^[X-t],Sr[X]) (eP[X;t],s,[X]) (s['\X;t],S0[X^ 



eh\x\ 

Th|i/|,7l-|^j| 



c% { 6 i'^) [X-t], Sr [X] ) ( 6 W [X;t], s, [X] ) ( [X;t], so [X] ) = C^jt'> ) 



eh|A| 

r|-|i^|,7l-|^j| 



by (5.11). This shows that the coefficients that appear in the t-product in Equation (5.7) 
are the same that appear by usual multiplication followed by a projection by 0^'^'). □ 

Sage Example 5.7. We can compute the coefficients C^^f^ {t) as structure coefficients of 

the dual basis elements &^^\X;t\. These elements are implemented in Sage in a space 
representing the quotient of the ring of symmetric functions A by the ideal generated by 
the Hall-Littlewood symmetric functions PA[Ar;t] with Ai > k. 

sage: Sym = SymmetricFunctions (QQ [' t '] . f raction_f ieldO ) 

sage: Q3 = Sym.kBoundedQuotient (3) 

sage: dks = Q3 . dual_k_Schur () 

sage: dks [2 , 1 , 1] *dks [3 ,2, 1] 

(t"7+t-6)*dks3[2, 1, 1, 1, 1, 1, 1, 1, 1] 

+ (t-4+t"3+t-2)*dks3[2, 2, 2,1, 1, 1, 1] 



102 



CHAPTER 2. PRIMER ON K-SCHUR FUNCTIONS 



+ (t~3+t-2)*dks3[2, 2, 2, 2, 1, 1] 

+ (t"5+2*t~4+2*t''3+t"2)*dks3[2, 2, 2, 2, 2] 

+ (t-5+2*t-4+t-3)*dks3[3, 1, 1, 1, 1, 1, 1, 1] 

+ (2*t"5+3*t~4+4*t~3+3*t"2+t)*dks3[3, 2, 1, 1, 1, 1, 1] 

+ (2*t"2+t+l)*dks3[3, 2, 2, 1, 1, 1] 

+ (t~4+3*t~3+4*t"2+3*t+l)*dks3[3, 2, 2, 2, 1] 

+ (t"5+t"4+4*t"3+4*t"2+3*t+l)*dks3[3, 3, 1, 1, 1, 1] 

+ (2*t"5+3*t"4+5*t"3+6*t"2+4*t+2)*dks3[3, 3, 2, 1, 1] 

+ (t'4+t"3+3*t"2+2*t+l)*dks3[3, 3, 2, 2] 

+ (t~5+3*t"4+3*t"3+4*t"2+2*t+l)*dks3[3, 3, 3, 1] 



5.4 A product on A*^^ 

What is interesting about the (3l^^^[X;t] elements is that they are clearly closed under the 
usual coproduct operation of the symmetric functions. It is therefore natural to consider 
the coefficients that appear in the coproduct of the elements which are dual to the /c-Schur 
functions as the structure constants of the product of fc-Schur functions. 



Define the coefficients c^li (t) by the coproduct formula 



We will give a more precise calculation of these coefficients below, but assuming that they 
exist, we then define 



si'HX;t].tsP[X;t]:= ^ c^P {t)s['\X;t] 



(5.14) 



where 



c-^(t) := (A(er[X;t]),.W[X;t].W[>^;i] 



We can then derive from Equations (5.9) and (5.10), that 



it) 



E 



c;., (' [X-t], se [X] ) (4'=) [X;t], [X] ) (s^'^ [X;t], s, [X] 



T\-\u\,'y\-\^i\ 



(5.15) 



At this point it is possible to see that while it is not obvious what the product structure 
on the A;-Schur functions should be, if we take this to be the definition then, as in the case 
with the product the product on fc-Schur functions can also be realized as a projection 
of the usual product. 
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Proposition 5.8. Let Q(k) be a projection from the space A to the space A*^,^ spanned by the 
k-Schur functions defined by Q(^i^^{Q'^[X;t]) = Q'^[X;t] if Xi < k and @f^f.^{Q'^[X;t]) = 0, 
then 

si'^ [X; t] -t [X- 1] = e(fe) (4'^ [X; t]s^^^ [X- 1]) . 



coefficient of s^^\X;t] in Q(k){s']^\X;t]s^^\x-t]) is 



Proof. The proof proceeds exactly as it did in Proposition |5.6[ We compute that the 

\k)( 



= {s^:;\X;tlsr[X]) (4^)[X;t],s,[X]) (Gf[X;tlse[X]) = cl^\t) . 

em 

Tl-|i/|,7l-|/i| 

So we see again that the structure coefficients in the definition of the t-product in Equa- 



tion (5.14) are exactly those that occur by taking the usual product and then projecting 



using the map □ 

that the coefficients c^u\^) are non-negative integers 



It was discussed in Section 



4.7 



(conjecturally for certain definitions), but in the following example we will see that#)(t) 
are not generally elements of N[t]. This makes us believe that this product is not 'the' 
product to define on the space A*^ ^ (if there is such a product). At least in certain cases, 
the operators B;^ from Equation (|3.7[) also provide a means of defining a t-analogue of 



multiplication and in light of Equation (4.1), it seems possible that there is some other 



t-product on A*j^^ which is the right one to consider on this space. 

Sage Example 5.9. We show how a product of fe-Schur functions can be computed under 
the projection The product is first computed in the Q'^[X;t\ basis and then the 

projection is computed by restricting the support to those partitions whose parts are less 
than or equal to k, which is 2 in this example. 

sage: ks2 = SymmetricFunctions (QQ [' t '] ) . kschur (2) 
sage: HLQp = SymmetricFunctions (QQ [ 't ']) .hall_littlewood() . Qp() 
sage: ks2( (HLQp(ks2 [1 , 1] ) *HLQp(ks2 [1] ) ) . restrict_parts (2) ) 
ks2[l, 1, 1] + (-t+l)*ks2[2, 1] 



5.5 A representation theoretic model of /c-Schur functions 

The Frobenius map is a map from S'^-modules to symmetric functions of degree m which 
takes an irreducible module indexed by the partition A to the Schur function also indexed 
by the partition A h m. Here we denote this map by J- with J-{V\) = s\, where V\ is an 
irreducible S^-module. 
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The parameter t in the ring of symmetric functions represents a grading and we can 
define for a graded module V = ®ci>o ^d, 

d>0 



For example, if we consider the ring of polynomials C[ai, 02, • • • , flm] as a module graded 

. In particular, we 



X 



i-t 



by the degree in the variables Oj, then J^t(C[ai, 02, . . . , am]) = hr, 
also have for any irreducible 5'm-module Vx that the tensor product Vx (d) C[ai, a2, ■ ■ ■ , a„ 
is an S'm-module, where Sm acts diagonally on the tensors and 



TtiVx <S> C[ai, 02, . . . , am]) = sx 



X 
l-t 



Mark Haiman and Li Chung-Chen ^3] defined A^^*^) to be the category of graded 
finitely generated C[ai, a2, . . . , Om] * S^-modules V such that V has an S'm-equivariant 
C[oi, 02, ... , am] free resolution using only the Vx C[ai, a2, . . . , am] with Ai < k. Then 
they conjecture the following. 



Conjecture 5.10. The modules which are irreducible in Ad^''^ have images under the map 
J^t which are equal to U}S^^\X;t] for Xh m and Ai < k. 

We say that two partitions A and /i of the same size are called skew-linked if there exists 
a skew partition 7/r such that Aj is the number of cells in the i*'^ row of 7/r and fi'^ is the 
number of cells in the i^^ column of 7/T. The definition of skew-linked is not associated 
with a particular value of k, but we have seen examples of partitions which are skew- linked 
through the {k + l)-cores. We always have that A and (A*^*^)' are skew-linked since the 
skew partition representing the cells of Cfc(A) with hook less than k + 1 has Aj cells in row 
i and the transpose of Cfc(A) has A^*" cells with hook less than A; -|- 1 in row i. But there 
are other examples of pairs of partitions which are skew-linked. Of course, if A and /i are 
skew-linked, then fi' and A' are skew-linked. 



Example 5.11. For a small example, consider that the partition (2, 2, 1) is skew-linked to 
(2,2,1), (3,2), (4,1) and (5) through the skew partitions (2,2,1), (3,2, 1)/(1), (4,2,l)/(2), 
and (5, 3, l)/(3, 1) respectively. 

For a larger example, the partition (4, 4, 2, 2, 2, 1) is skew linked to (6, 4, 2, 2, 1) because 
the skew partition (6, 4, 2, 2, 2, l)/(2) has rows given by (4,4,2,2,2,1) and columns given 
by the partition (5, 4, 2, 2, 1, 1) . 
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Notice that (6, 4, 2, 2, 1) is not the conjugate of the A;-conjugate of (4, 4, 2, 2, 2, 1) for any k. 

Theorem 5.12. (L. C. Chen) If X is skew-linked to fi by a skew partition 7/r with t\- d, 
then V\ occurs with multiplicity 1 at degree d in C[ai, 02, • • • , flm] o,nd does not appear 
at a lower degree. 

As a corollary they construct a module by moding out the module y^(g)C[ai, 02, . . . , Om] 
by the space generated by all modules which are at degree d which are not V\. In the 
particular case when A is a /c-bounded partition, A' is skew-linked to = A"^*" and the 
module V\ is conjectured to have Frobenius image equal to ios^^\X] t\. 

Conjecture 5.13. For a k-bounded partition A, let d be the number of cells in Cfc(A) which 
have a hook length greater than k. Let W be the module which is generated by Vx^fe 
an Sm * C[ai,a2, . . . ,am\-module and cogenerated by the copy of V\i of degree d. Then 
Ft{W)=u:sf[X-t]. 

Haiman and Chung-Chen |33j note that this module is only conjectured to lie within 
the category of A^(^). 



5.6 From Fieri to .fr-theoretic fc-Schur functions 

As mentioned in the introduction, a trend in Schubert calculus is to generalize the classical 
setup. The replacement of cohomology by ii'-theory is a particularly fruitful variation. 
Lascoux and Schiitzenberger introduced the Grothendieck polynomials in [113] as repre- 
sentatives for the X-theory classes determined by structure sheaves of Schubert varieties. 
Grothendieck polynomials have since been connected to representation theory and algebraic 
geometry and combinatorics is again at the forefront (e.g. |37 1 176 1 ri02| I45|). For example, 
the stable Grothendieck polynomials G\ are inhomogeneous symmetric polynomials whose 
lowest homogeneous degree component is a Schur function. Buch proved in [27J that they 
are the weight generating functions 

Ga= (-l)l^l-l™s^*(^)lx-^ig^*(^), (5.16) 

T sct-valucd 
shapc(T)^A 



106 



CHAPTER 2. PRIMER ON K-SCHUR FUNCTIONS 



of tableaux called set-valued tableaux. Such a tableau T is a filling of each cell in a shape 
with a set of integers, where a set X below (west of) Y satisfies maxX < (<) miny. The 
weight of T is a where is the number of cells in T containing an i. Fieri rules are given 
in [109] in terms of binomial numbers and a generalization for Yamanouchi tableaux gives 
|27| a combinatorial rule for the structure constants. 

Ideas in fc-Schur theory extend to the inhomogeneous setting providing combinatorial 
tools that apply to torus-equivariant iC-theory of the affine Grassmannian of SLk+i- Simi- 



lar to the development described in Section [2^ a close study of a Fieri rule and its iteration 
is carried out in |98j . leading to a family of affine set- valued tableaux that are in bijection 
with elements of the affine nil-Hecke algebra. These simultaneously generalize set-valued 
tableaux and weak /c-tableaux. 



These tableaux are defined along the lines described in Remark 2.3 the semi-standard 
case is given by putting conditions on the reading words of the standard case. Recall from 
Section 3.3 that T<x is the subtableau obtained by deleting all letters larger than x from T 



and note that this is well-defined for a set-valued tableau T. A standard affine set-valued 
tableau T of degree n is then defined as a set-valued filling such that, for each 1 < x < n, 
shape(T<a;) is a core and the cells containing an x form the set of all removable corners of 
T<a; with the same residue. 

Example 5.14. With k = 2, the standard affine set-valued tableaux of degree 5 with 
shape c(2, 1, 1) = (3, 1, 1) are 



f3,4}n 




{2}2 


{l}o 


{3,4}i 


{5}2 



!3,5}i 




{2}2 


{l}o 


{3}l 


{4}2 







{4}2 


(l,2}o 


{3}l 


{4}2 



{4}l 




{3}2 


{1.2}o 


{4}l 


{5}2 



{4}l 




{2,3}2 


{l}o 


{4}i 


{5}2 



(5.17) 



{5}l 




{4}2 


{i}o 


{2,3}i 


{4}2 



{5}l 




{3,4}2 


{l}o 


{2}l 


t3,4}2 



{4}l 




{3}2 


{l}o 


{2}l 


{3,5}, 



(5.18) 



For the semi-standard case, first note that a set-valued tableau T of weight a is a 
standard set- valued tableau with increasing reading words in the alphabets Aa,x of ( |2.5[ ), 
where the reading word is obtained by reading letters from a cell in decreasing order (and as 
usual, cells are taken from top to bottom and left to right). Since letters in standard affine 
set-valued tableaux can occur with multiplicity, the lowest reading word in ^ - reading the 
lowest occurrence of the letters in A from top to bottom and left to right - is used. Again, 
letters in the same cell are read in decreasing order. In Example |5.14 the lowest reading 
words in {1, ... , 5} are 21435, 52134, 52134, 32145, 32145, 51324, 51243, 41253. 
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The affine X-theoretic generalization of a tableau with weight a is then given, for any 
fc-bounded composition a, by a standard affine set-valued tableau of degree \a\ where, for 
each 1 < X < i{a), 

1. the lowest reading word in Aa,x is increasing 

2. the letters of Aa,x occupy Ox distinct residues 

3. the letters of Aa,x form a horizontal strip. 



Example 5.15. The affine set-valued tableaux in (5.18) of Example 5.14 all have weight 
(2, 1, 1, 1) and shape (3, 1, 1) = c(2, 1, 1), for k = 2. 

It is proven in |98j that the weight generating functions of afhne set-valued tableaux 

) = ^ |-_]^yA| + |wcight{T)| ^weight(T) f^^ -^g-^ 

T affine set-valued tableau 
shape(T) = c{A) 

are Schubert representatives for i^T-theory of the affine Grassmannian of SL^+i called affine 
stable Grothendieck polynomials |78l I85j . These reduce to Grothendieck polynomials for 

(k) (k) 

large k and the term of lowest degree in G\ is the dual A;-Schur function ©3^ . As in the 
/c-Schur set-up, these do not form a self-dual basis. Instead, the dual to {G^^^}x-^<,k is an 

■x^}\i<k for A(fc). 



inhomogeneous basis {5'^'^^}ai<A: for ^ 



The set-up discussed in Sections 2.1 and 2.2 is extended in [98J and gives affine K- 
theoretic properties for this basis such as Fieri rules and an analog to property (4.2) for 
an inhomogeneous involution (7; 

l^gf = <?itl . (5.20) 
Among some of the open combinatorial problems, it remains to develop an affine K- 



theoretic set-up in the dual world along the lines discussed in Section |2.4[ finding the 
Fieri rules for {G^^^}\-^<k and giving a weight-generating formulation for {fi'^^^}Ai<fe- In 
addition, there are properties of Grothendieck polynomials that conjecturally extend to 
these new bases. For example, there is a combinatorial expansion of Grothendieck polyno- 
mials into Schur functions described by a family of skew tableaux |109j . It is conjectured 
that G^^^ and have combinatorial expansions in terms of dual fc-Schur functions and 
/c-Schur functions, respectively. Noncommutative versions of the affine stable Grothendieck 
polynomials and {g^^^}xi<k are given in [85], where geometric aspects of these bases are 
also explored. Further conjectures relating to these bases can be found in [851 [98]. 

Sage Example 5.16. The basis {<7^'^^}Ai<fc has been implemented in Sage and so it is 
possible to begin experimenting with these combinatorial problems. 
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sage: Sym = SyinmetricFunctions(QQ) 
sage: SymS = Sym.kBoundedSubspace(3,t=l) 
sage: Kks3 = Syin3.K_kschur() 
sage: s = Sym.sO 
sage: m = Sym.mO 
sage: s(Kks3[3,l]) 
s[3] + s[3, 1] + s[4] 
sage: iii(Kks3 [3, 1] ) 

m[l, 1, 1] + 4*m[l, 1, 1, 1] + m[2, 1] + 3*m[2, 1, 1] + 2*m[2, 2] 

+ m[3] + 2*m[3, 1] + m[4] 

sage: ks3 = Sym3 .kschurO 

sage: ks3(Kks3 [3, 1] ) 

ks3[3] + ks3[3, 1] 

sage: Kks3 [3 , 1] *Kks3 [2] 

-Kks3[3, 1,1]- Kks3[3, 2] + Kks3[3, 2, 1] + Kks3[3, 3] 
sage : Kks3 [3,1] . coproduct ( ) 

Kks3[] # Kks3[3, 1] - Kks3[l] # Kks3[2] + Kks3[l] # Kks3[2, 1] 
+ 2*Kks3[l] # Kks3[3] + Kks3[l, 1] # Kks3[2] - Kks3[2] # Kks3[l] 
+ Kks3[2] # Kks3[l, 1] + 2*Kks3[2] # Kks3 [2] + Kks3[2, 1] # Kks3[l] 
+ 2*Kks3[3] # Kks3[l] + Kks3[3, 1] # Kks3[] 

Since the elements {G^-^^}xj<,k are an infinite sum of elements of degree greater than or 
equal to |A| and we do not know their algebra structure, we cannot currently represent 
them as we do other bases in Sage. However, a preliminary implementation of this basis 
does exist that allows one to compute the elements up to a a given degree. 

sage: SjniiQ3 = Sjnn.kBoundedQuotient(3,t=l) 

sage: Gl = SymQ3.Af f ineGrothendieckPolynomiaK [1] ,6) 

sage: 02 = SymQ3.Aff IneGrothendieckPolynomiaK [2] ,6) 

sage: (G1*G2) . lift (). scalar (Kks3 [3, 1] ) 

-1 

Notice how the coproduct applied to ff^g^^ agrees with the product structure in this one 

(3) (3) (3) 

calculation since we see that coefficient of -|^^ in the product of ^^2) (i) ^qual 

to the coefficient of g^^^ g^^^ in A{g^^^-^^). 

We may also list all the terms which appear in a product of elements of {G^^^}xj<,k- This 
is sufficient for generating data for a Fieri rule on {G^^^}x-^^<,k since we can compute products 
and use the duality with the {5'^^'*}Ai<fc basis to determine the structure coefficients up to 
a degree higher than what appears in our product. 

sage: G31 = SyinQ3.Aff ineGrothendieckPolynomiaK [3, 1] , 8) 
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sage: for d in range (5, 10): 

... for la in Partitions (d,max_part=3) : 

c = (G1*G31) .liftO .scalar(Kks3(la)) 

if c!=0: 

print la, c 



[3, 


2] 


2 




[3, 


1, 


1] 


1 


[3, 


3] 


-1 




[3, 


2, 


1] 


-2 


[3, 


3, 


1] 


1 


[3, 


2, 


1, 


1] 1 


[3, 


3, 


1, 


1] -1 



This Sage calculation shows that no terms indexed by partitions of size 9 appear in the 

(3) (3) 

product of G^g -j^^ and G(^iy and since we believe that this indicates highest degree of terms 
which will appear in our product will be 8, then 

^^(3) _ 9r^(3) , r^(3) _ ^(3) _ ^^(S) , ^(3) ^(S) _ ^(3) 

'^{3,1)'-'(1) ~ '^^(3,2) ^(3,1,1) "-^(3,3) ^'-'(3,2,1) '-^(3,3,1) '-'(3,2,1,1) "-^(3,3,1,1) • 



6 Duality between the weak and strong orders 

In this section we consider a /c-analogue of the Cauchy identity and the Robinson-Schensted- 
Knuth (RSK) algorithm (or insertion algorithm). The RSK algorithm provides a bijection 
between permutations and pairs of tableaux satisfying certain conditions. As shown in [81j 
this can be generalized to the affine setting. 



6.1 /c-analogue of the Cauchy identity 

In the algebra of symmetric functions (or rather polynomials) an important identity is the 
Cauchy identity, stating that 



m ^ 

TT 



H hr[Xm]y] = h,XXm]nix[Y^] = ^ Sx[XMYm] , (6.1) 

j=l r>0 A A 



where the last two sums run over all partitions A. 

Although there is an algebraic proof of this identity that follows from calculations in 
Section 1.5 there is also a direct combinatorial proof of this result. Recall from Equa- 
tion (2.7) that the Schur function is equal to 

SA[Xm]=X]^^' (6-2) 
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where the sum is over all semi-standard tableaux of shape A and x-^ is a monomial which 
represents the product over i of Xi raised to the number of i in the tableaux. 

The Schur functions are in fact characterized as the unique basis which satisfies Equa- 



tion (6.1) and which is triangularly related to the monomial symmetric functions. Notice 
that ^ 



nr 



m 

n (^^^/jo 

M i,j=l 



E( 



(6.3) 



1,3=1 ""-I M i,j=l M 

where the sum is over all m x m matrices M = {mij)Kij<rn with non- negative integer 
entries niij. There is a famous bijection due to Robinson-Schensted-Knuth fl2 \ \137\ I145| 
(see for instance |139J for a clear exposition of the bijection) that identifies such a matrix 

r 



M to a biword in the alphabet of letters 



with 1 < r, s < m. The bijection maps these 



biwords to pairs (P, Q), where P and Q are semi-standard tableaux of the same shape and 
YlTj=ii^iyj)"^*^ ■ ^ consequence we conclude that 



p 



XiUj 



(xy 



,M 



{P,Q) 




(6.4) 



Since Ylsha.pe{P)=x^^ triangularly related to the monomial basis, Equation (6.2) must 
hold by comparing Equations (6.1 ) and (6.4). In this section we consider the generalization 



of the Cauchy identity and the RSK algorithm to A;-Schur functions and their dual basis 
at i = 1. 

By taking the coefficient of xiX2 • • • Xmyiy2 • • • in Equation (6.1 ), we find the identity 



where fx is the number of standard tableaux of shape A. This may be seen as an algebraic 
formulation of the more standard presentation of the RSK algorithm on permutations, 
namely, there is a bijection between permutations tt and pairs of tableaux (P, Q), where P 
and Q are standard tableaux of the same shape. 



In Equation (2.17), we stated that & 



(k) 



Y.f.K[^^mi„ where K'^^ 



(k) 



is equal to the 



number of weak tableaux of shape c(A) and weight //. The collective results in [TSl EZ] 
show that 



6 



(fc) 



(6.5) 



where the sum is over all weak tableaux T of shape c(A) in the weight {1,2,..., m}. 



Now consider the following /c-bounded analogue of the kernel (6.3) given by 



Ylil+hi[Xm]yj+h2[Xm]y] + - ■ ■+hk[Xm]yj) 



E 

A:Ai<fc 



hx[X^]mx[Y^] = 5^(xy)^, (6.6) 



M 
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where the sum on the right hand side of the equation is over ah /c-bounded matrices 
M = {mij)i<ij<n, whose entries are non-negative integers and satisfy J2i=i — ^' 

(xy)"" = ni,,Uyir-- 

In [81] the authors provide a bijection between the set of A;-bounded matrices and pairs 
of tableaux (P, Q) such that P is a strong tableau and Q is a weak tableau that are both 
of the same {k + l)-core shape. This is done by introducing an insertion algorithm which 
generalizes that of the RSK bijection (and reduces to RSK case when k > "^ij)- 

Here we provide an exposition of a special case of this bijection, namely between per- 
mutation matrices (with entries in {0, 1} with a single 1 in each row and column) and pairs 
of tableaux (P, Q), where P is a strong standard tableau and Q is a weak standard tableau. 

The bijection in [MJ (which is called 'affine insertion' in analogy with RSK-insertion) 
shows that the duality of the weak and strong functions can be expressed through the 



duality of the kernel in (6.6) and hence 



l[il + hi[X^]yj + h2[X^]y] + - ■ ■ + hk[X^]y';) = ^ StTong,^^^[Xm]Weak,^x)[Ym], (6.7) 

j=l \:Xi<k 

where the functions are defined as 

Weak,[X^] = ^x^ (6.8) 

T 

with the sum over all weak tableaux of shape k (a (k + l)-core) and 

Strong^ [X^] =^x^ (6.9) 
T 

with the sum is over all strong tableaux of shape k. In both cases represents a mono- 
mial associated to the weight. The equality &^^\Xm] = Weak^^;^) [X^] with dual fc-Schur 
functions relies on a permutation action on the weight which can be found in [Sn]. The 



equality s^^\Xm\ = Strong^^;^-) [X^] follows by a duality argument after showing that the 
functions Strong^ [X^] form a basis [81j. 

Let f^^^^ be the number of standard weak tableaux of shape k, and f^^"^^ be the 
number of standard strong tableaux of shape n, where n is a (k + l)-core. If we take the 



coefficient of xiX2 • • • Xmyiy2 ■ ■ ■ ym in Equation (6.7), we find the following combinatorial 
result 



m\ = 

X:Xi<k 



where the sum is over /c-bounded partitions of A of m. This formula can be seen as a 
manifestation of a bijection between the set of permutations a of Sm and pairs of tableaux 
(P('=),g('=)), where P^^^ is a strong standard tableau and Q^^^ is a weak standard tableau. 
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6.2 A brief introduction to Fomin's growth diagrams 

Affine insertion is proved using Fomin's growth diagrams [42j which is a tool of presenting 
insertion algorithms on graded posets via certain local rules. To put the affine insertion 
algorithm in context, we give a brief presentation of the usual RSK algorithm between 
permutations and pairs of standard tableaux in terms of growth diagrams in order to show 



how the algorithms compare. In Section 6.3 we will demonstrate how the algorithm can be 



generalized to the bijection which explains Equation (6.10). The treatment we present in 
this section follows roughly the way of viewing Fomin's growth diagrams that is presented 
in \139\ Section 5.2] with a few modifications in orientation. 

We begin with an n x n permutation matrix corresponding to a permutation vr (we 
use the convention that row i has a 1 in column vTj) and convert it into a pair of standard 
tableaux of the same shape. To do this we draw an n x n lattice of squares and label the 
vertices of this lattice with partitions and the centers of these squares with the entries of 
the permutation matrix. At the start of the procedure we begin by labeling only the first 
row and first column of vertices with empty partitions and fill in the rest of the diagram 
by a recursive procedure using a set of local rules. 

To describe the RSK algorithm we describe a 'local rule' which is a bijection between 
two types of arrays. 
Case 1: 

A — )• /i /i 

i < — > i 

(a) If A = /X = z/, then ^ = v. 

(b) If /i 7^ I/, then 7 = /u U z^. 

(c) If A is strictly contained in ^ = i^, then if jj, is obtained from A by adding a cell in 
row i, then 7 is obtained from // by adding a cell in row i + 1. 



Case 2: 

A — )■ /i 

i 1 i — > i 

V — )• 7 

This case can only occur when X = fi = u, and then 7 is obtained from by adding a cell 
in the first row. 

By successively applying these local rules, the growth diagram is filled in until it is an 
(n + 1) X (n + 1) array of partitions. Because each of the rules we apply is a bijection, we 
need only remember the last row and last column of the array and the rest of the table can 
be recovered by applying the local rule in reverse. The last row of this table is a sequence 
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of partitions each of which differ by a single cell and so can be interpreted as a standard 
tableau which agrees with the insertion tableau of n. The last column of table is also 
a sequence of partitions each of which differ by a single cell; the corresponding standard 
tableau agrees with the recording tableau corresponding to the permutation tt. 

The important thing to notice is that the local rules can be reversed. For this reason 
if we are given just the pair of tableaux that represent the last row and the last column of 
the table, it is possible to reconstruct the entire table and hence the permutation matrix. 

Example 6.1. Let us consider the permutation 4132 as a running example. We begin 
with a row and a column of 5 empty partitions and the entries of the permutation matrix 
in an array pictured below. 

I 1 



II 


I 1 



I 1 



The local rules may be applied at first only in one place: 

0^0^0^0^0 

4040 1 

0^0 

I 1 



10 1 



I 1 



In successive steps, the local rules may be applied in each corner. 

0^0^0^0->0 
404040 1 

^ ^ 

1 1 i 

^ □ 

1 1 


I 1 
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i 







i 







i 
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1 
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— > 
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i 





i 











— ;> 


□ 


— )■ 


□ 






i 





i 







1 








— ^ 


□ 










i 







1 











By continuing to apply the local rules, we arrive at the following completed table: 



i 


i 



i 



i 



i 


i 

□ 

i 

□ 

i 

□ 



i 


i 

□ 

i 

□ 

i 

m 



i 


i 

□ 

i 

m 
i 



□ 

B Q 
i 

i 



Now in order to reconstruct this entire table, we need only remember the two standard 

tableaux {P,Q) = I I1I2I . rirSI I which correspond to the last row and the last column of 
the table. This indeed agrees with the usual insertion tableau P and recording tableau Q 
when row-inserting 4132 (see for example |139j ). 

6.3 AfRne insertion 

Now that we have presented Fomin's growth diagrams as a tool for understanding RSK, 
we will give the local rules necessary to understand fc-affine insertion for permutations. 
This is the algorithm presented in [81]. Parts of these local rules use operations which are 



described in Sections 1.2, 1.3 and 1.4 (in particular the action of Sj, the notion of strong 
and weak cover, and the vocabulary of content and residue). 

We have stripped down the algorithm presented in |8ll| in hopes of making it clearer 
by having fewer details to follow. The algorithm presented in [81] is slightly more general 
because it includes an additional rule that generalizes the bijection from /c-bounded non- 
negative integer matrices to pairs tableaux of the same shape, the first is a strong semi- 
standard tableau, the second is a weak semi-standard tableau. This more general bijection 
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is sufficient to show Equation (6.7). Here we are pairing down the presentation rule to only 
demonstrate how Equation (6.10) works. 

To do this we construct again a table that will be a growth diagram, where there is 
an (n + 1) X (n + 1) array of {k + l)-cores and between these entries we put the n x n 
permutation matrix. 

There is an additional piece of information which is recorded in this matrix besides the 
shapes of the k + 1-cores. The horizontal connectors in our growth diagrams keep track of 
(possibly empty) strong covers and the vertical connectors keep track of (possibly empty) 
weak covers. If there are two {k + l)-cores that are adjacent in the same row, r — ?■ k, 
then either t = k or k covers r in the strong order. In the second case, we also need to 
mark one of the connected components of k/t in the diagram of k or keep track of this 
marking on the arrow A, where c represents the content of the diagonal of the marked cell. 
When working with the diagram in the examples below we only record this information by 
marking a cell of k/t within core k for compactness of notation. 

We begin with the first row and column of this array consisting of empty cores only 
(and hence there are no markings necessary). Given a corner of the table that is partially 
filled in, we complete the rest with the following local rules. 
Case 1: 

T A K 

i < — > i 

e ^ c 

Try to apply (a)-(c) in this order. If a case does not apply, proceed to the next case. 

(a) If r = K, then C = ^ neither k nor ( will be marked; if t = 9, then C = n and 
c' = c. 

(b) If k/t is not contained in let r be the residue of the cells 6 /t (mod k + V) (there 
is exactly one). In this case C, is Sr applied to k. One cell of k on the diagonal with 
content c is marked. In C, mark the component that has an overlap with the marked 
ribbon in n (alternatively, if c does not have residue r, then c' = c; otherwise c' is on 
one diagonal higher than c). 

(c) If r is strictly contained in k = 0, let c' be the content of the first diagonal which 
is weakly to the left of the marked ribbon oi k/t and is an addable cell of k. Then 
Q = Sc'K and the marked cell of Q is on the diagonal with content c'. 



Case 2: 



r — 7- K 1^ 
i 1 ^ i 

e 9 ^ c 
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This case can only occur when t = k = 6, and then is applied to r (the effect of 
adding a cell in the first row of r, but as a (A; + l)-core). A marking c' is added in last cell 
of the first row of C. 

Example 6.2. Let us compute the growth diagram for the matrix corresponding to the 
permutation 4132. As in Example |6.1[ we begin our growth diagram with the first row and 
column consisting of empty cores. 



I 1 



II 


10 1 



10 1 



Below is the growth diagram for k = 1: 



i i i i 

^ ^ ^ 

1 1 i i i 



□ 



i i i 1 



□ 



□ 

i 



i i 1 i I 



I 



i 



Note that since the value of k is too small, Case 1(b) is not used. By reading the last row 
of this table we can encode it as a single strong tableau. When k = 1 there is only one 
weak tableau of shape (m, m — 1, . . . , 2, 1). The last row and column of this table can then 
be encoded as 



3 

M 



[41 
3 


4 






2 


3 


4 




1 


2 


3 


41 



For k = 2 and starting with the same permutation the situation is a little more com- 
plicated: 
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0^0^0^ ^ 



i 







i 







i 







i 




1 




i 


— ^ 
1 


i 


— ^ 



i 


— ^ 



i 


— )■ 



m 
i 





-)• 


SI 


-)• 


□ 


-)• 


□ 


-)• 


B 


i 












1 














SI 


-)• 


□ 




nm 




&: 







i 


1 







i 












m 















Now it is necessary to apply all four rules to fill in the growth diagram. The first time 
that Case 1 (b) occurs is constructing the last entry in the fourth row of cores (the last 
entry of the third row of the permutation matrix). 



□ 
i 



i — > 



nm C = sil 



If we just record the last row as a strong tableau and the last column as a weak tableau, 
we have the follow pair: 



4* 




1* 


2*131 



3 




2 




1 


3|4 



and this pair of tableaux is sufficient to reconstruct the entire table. 

For A; = 3, the case is similar to the k = 2 case in that there are examples where all 
four rules are applied in order to construct the table: 



40iO|Oil 
0^0^0^0^ 

4 1 I I I 

0— T-H— 7- □—7' □— T- 

i i i 1 i 

0— >■ □ — >-ns— >• 

4 4, 1 4 4, 

— 7- E — 7- nsi —7- — y 



i 

SI 

i 

B 
I 

i 



Because we can reconstruct the table from the last row and column of this table, it is 
necessary to keep track only of the strong tableau representing the last row and the weak 
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tableau representing the last column. This is represented by the pair, 



4* 

r 




4 
2 




1* 


2141 


1 


3|4| 



Example 6.3. In the following table we have presented permutations of 3 (corresponding 

to permutation matrices) which arc in bijection with pairs of weak and strong tableaux for 
k = 1,2 and 3. When k = 3, the tableaux are in bijection with pairs of standard tableaux 
of the same shape by dropping the markings in the strong tableaux. 



123 



{P^\Q^ 



EES, EES 



11213*1 . rTT2T3 



132 



[3] 
2 


3* 




3] 
2 


3 




1* 


2* 


31. 


1 


2 


3 



11213 


1 


2 3 





m [31 



213 



231 



[3] 

2* 


3 




31 
2 


3 




1* 


2 


31, 


1 


2 


31^ 



1 
1 



[31 
2* 


3* 




[31 
2 


3 




1* 


2 


31. 


1 


2 


3 



HIE, ESS 



ilk]) 



rgi.fTTs 

121 [3 



T!E,EE 



312 



2 


w 




31 
2 


3 




1* 


2* 


31. 


1 


2 


3 



1 

2 

B1.T 



321 



[31 






2 


3 




1 


2 


31 



(^31, EE) 



Example 6.4. In the following table we have permutations of 4 (corresponding to permu- 
tation matrices) which are in bijection with pairs of weak and strong tableaux for = 1, 2 
and 3, 4. When k = 4, the tableaux are in bijection with pairs of standard tableaux of the 
same shape by dropping the markings in the strong tableaux. 
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a 



1234 



ai 



SS3, 



3H 



1243 



3"! 



ai 



a, 



m 

L*B*ft*l4L 



2IS 



1324 



ai 



Zi 



is 2* 



ai 



313, 



3H 



*2* 



313, 



3ia 



1342 



ai 



E3 



ai 



a, 



4n , 

3H 



3a]Jil2l:^i4 



^, 11121:^141 



1423 



ai 



3? 



ai 



a, 



3H 



3^ 
TEB] 



i! 3 
PEE,! 



1432 



ai 



34 



ai 



2134 



3H 



/2' 2 \ 



fcra, ton) 



2143 



2314 



2341 



2413 



31 



3H 



ai 



313, 



SB3, 



3H]) 



(^l!S!i3,IEaj 



£4 



ai 



a, 



3H 



/EEL™ [3ai... ., \ 

fn3ta,[ii2i3is) 



34 



ai 



a. 



a] 



[G2 



EE 



2H 



IS 



(|ck!i3,tbi3]) 
(Ba3,ffi2ni) 



[pt? 



3a 



2431 



34 



ai 



3H 



313, 



3^ 

Tm3i 



E 3 

rtm] ,rr 



S3, 



3^ 

IE] 
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Jp^^KW)' 



(7 



3124 



3L 



21! 



3142 



2¥ 



/B33 E5K 



3214 



313, 



2^ 



1121:^141 



13, 



3" 



5 



3241 



1I2IHI4I 



113, 



mi 



5] 
13, Ma 



3412 



m\-M\ 



mm, 



3421 



Z7 



Il2lal4l 



313, 



2M 



/2* 3^ \ 



4123 



1I2I8I4I 



/Lai T \ 
f CEB3, [mfflj 



4132 



4213 



4231 



4312 



2"? 



1m 



Z3 



Il2lal4l 



233], 



3H 



CM, 



mm 



3H 



?3^ . 



Z3 



il2lal4i 



CS3, 



3a, 



Z3 



Il2lal4l 



3E3, 



3H 



3" 

Z \ 



(^l!S3,tS]J 



mm 



3H. 



31 



Z3 



3" 

im 



4321 



31 



Y3 



rz 



S3 
3! 
2* 



3" 



S3 B] 

r 3" 

rttt 
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6.4 The t-compatible afRne insertion algorithm 



Since the expression on the left of Equation (6.10) is independent of k, we realize that 



since w o (P^'^), Q^''')) f-;- (pC^+i), Q^'^+i)), where P*^^) and are strong k and (k + l)- 

tableaux may help us to see how s^^^ can be expressed as a positive sum of elements s^'^^^^ 

(k) 

It may be possible to understand the expansion of s\ in terms of Schur functions or in 

terms of s\ using this bijection, but this would impose certain conditions on the shapes 
of tableaux P^'^^ and p(*''+^) that do not seem to hold. 

In this section we produce some evidence that ideally we are looking for an affine 
insertion bijection which has additional properties that are not shared with the affine 
insertion algorithm of Section |6.3[ 



There is a also a t-analogue of Equation (6.7) which can be used as a stronger guide for 



the combinatorics of an analogue of the Robinson-Schensted-Knuth bijection. The coeffi- 
cient of m(im-) [X] in Q'^-^^-^[X ; t] is equal to the t-analogue of m!, [m]tl = (1 — i)"™" ni!li(l ~ 
f), and hence we have 

Htl = (Q'(i™)[X;t],^(i™)[X]) = Y,Kxii^){t){sx[X],h(^,^)[X]) 

Ahm 



Y^K,^,„.){t)h= K[l^)it){AhX;t],h^,r^)[X]\ . (6.11 



Ahm A:Ai<A; 



The polynomial U^'[X-t],\irn)[X]) is equal to J2pt'^'''^^K where the sum is over all 



strong standard /c-tableaux of shape c(A) by Equation (3.16). The coefficient is a 



t-analogue of the number of standard weak fc-tableaux of shape c(A). This equation is just 



one possible refinement of Equation (6.10). Similarly, the right hand side of this equation 
depends on k while the left hand side does not and this indicates that we might hope to 
see some relationship between the bijection at level k and level A: + 1 that relates the t 
statistic. 

If we are looking to explain this algebraic expression with a bijection, we would like to 
find a statistic charge on standard weak A;-tableaux and a bijection between permutations 
and pairs of strong and weak tableaux of the same shape -f-)- {P^^\ Q^^'^) such that 

charge(w) = spin(p('')) + charge(Q(^)) . (6.12) 

Note that we taking the association with w~'^ to ensure that everything agrees since as 
— )• oo the statistic charge was defined so that the charge of a permutation is the charge 
of its insertion tableau. The statistic spin on fc-strong tableaux is different in nature than 
the charge statistic and in general spin 

The reason we have indicated with the title of this subsection that the previous affine 
insertion algorithm is not quite 'real' is that we are unable to use it to explain this t- 
analogue. A 'real' affine insertion algorithm would allow us to take a definition of the 
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charge statistic so that if w^^ {P^''\ Q^^^), then charge(<5(^)) = charge(?i;) — spin(p('^)). 
It would need to be the case that if u and v are two different permutations such that 
^ (P^(^), Q^'^)) and v~'^ o {P'^'^^\ Q'^^^) , then charge(ti) — spin(P^('^)) = c harg ef-^) — 



spin(P 



2{k)\ 



The foUowing example, based on the calculations from Example 



6.3 



shows 



that this affine insertion algorithm is not compatible with the spin statistic in this sense. 

Example 6.5. It is probably easiest to see that Equation ( 6.12[ ) cannot hold in our example 
unless charge(u;) = spin(p(^)) because when A; = 1 all of the Q^^-* tableaux are the same. 



Consider the case k 
spin(pi(i)) = 1. 



1 and u 



u 



-1 



132 with charge(u) = 2. Then P^^^ 



2 3 



3] and 



Also, V 



,-1 



213 with charge(?;) = 1. Then 



[31 

2* 


3 




1* 


2 





213 and spin(p2(i)) = 1^ but 



same. 



[3 






2 


3 




1 


2 


31 



2|3I is the same in both cases and if there is a charge statistic it should be the 



7 The /c-shape poset and a branching rule for expressing 
/c-Schur in {k + 1)-Schur functions 

One of the more recent developments with the definition of A;-Schur functions defined as the 
sum over strong tableaux is an explanation of why they expand positively in the [k + 1)- 
Schur functions. That is, there are nonnegative integer coefficients 6^^ such that 



A 

and in this section we will describe a combinatorial interpretation for the coefficients 6^^ . 

If we consider a partition A as a collection of cells, then Int^(A) = {6 G dg(A) : 
hookA(6) > k] and d^{\) = A/Int'=(A). We define the row shape (resp. column shape) 
of A to be the composition rs^{X) (resp. cs'^(A)) consisting of the number of cells in each 
of the rows of d^{X). The partition A is said to be a A;-shape if both rs'^(A) and cs^(A) are 
partitions. Let II'^ denote the set of /c-shapes and 11^ represent the set of /c-shapes A such 
that \d''{X)\= N. Notice that both the /c-cores and the {k + l)-cores of size are a subset 

of n^. 

Example 7.1. If /c = 3, then 



= {(1,1,1), (2,1), (3), (3,1), (2, 1,1)} 
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since they correspond to the 3-boundaries 



B 



nl = {(2, 2), (4, 1), (3, 1, 1), (2, 1, 1, 1), (4, 2), (2, 2, 1, 1)} 



B 



a 



Example 7.2. The partitions A = (6, 2, 1) is a 4-shape but it is not a 3-shape. We calculate 
that 

a 



and hence rs^(A) = (4, 2, 1) and cs'^{X) = (2, 1, 1, 1, 1, 1), but 



so that rs^(A) = (3, 2, 1) and cs^(A) = (2, 1, 0, 1, 1, 1) and hence it is not a 3-shape. 

Example 7.3. We include a table of the number of A;-shapes for 1 < < 9 and 1 < iV < 13. 
In the limit (for A?^ < A;) it is the case that |n^| is equal to the number of partitions of N. 



k\N 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


k = l 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


k = 2 


1 


1 


3 


3 


6 


6 


10 


10 


15 


15 


21 


21 


28 


28 


k = 3 


1 


1 


2 


5 


6 


10 


15 


21 


27 


40 


48 


65 


81 


103 


k = 4: 


1 


1 


2 


3 


8 


9 


15 


23 


35 


42 


69 


86 


116 


155 


k = 5 


1 


1 


2 


3 


5 


11 


14 


21 


30 


49 


67 


90 


120 


177 


k = 6 


1 


1 


2 


3 


5 


7 


16 


19 


30 


41 


60 


89 


127 


163 


k = 7 


1 


1 


2 


3 


5 


7 


11 


21 


27 


40 


56 


79 


107 


163 


k = 8 


1 


1 


2 


3 


5 


7 


11 


15 


29 


36 


54 


73 


105 


138 


k = 9 


1 


1 


2 


3 


5 


7 


11 


15 


22 


38 


49 


70 


97 


134 



Wc will define a poset structure on the set 11^ by describing how the elements are 
related by a set of row and column moves. In order to define row and column moves we 
need to define a notion of row-type column-type strings which describe the movement of 
cells to get from one fe-shape to another. 

For a cell b = {x, y) we say that the diagonal index of b is d{b) = y — x. Two cells b, b' 
are called contiguous if \d{b) — d(b')\ G {k, k + 1}. A string of length £ is a skew shape ///A 
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consisting of cells {ai, 02, . . . , a^} such that Oj+i and Oj are contiguous for each 1 < i < £ 
and Qi+i lies strictly below Oj. 

For a skew diagram D, define lefta(D) to be the leftmost cell in the same row as the 
cell a and bota(L') to be the bottommost cell in same column as a. 

A string ///A = {ai,a2, . . . , a^} is called a row-string if hook;^(leftai(5'^(A))) = k and 
hook;^(bota^(5*^(A))) < k. It is called a column-string if the transpose picture is a row- 
string, or, if hook;^(lefta^(5'^(A))) < k and hookA(bota^(9'^(A))) = k. 

A row move (resp. column move) of rank r and length ^ is a chain of parititions 
A = A° C A^ C • • • C A** = /Li that satisfies 

• A,/xen*^ 

• Si — A'/A*"^ is a row-type (resp. column-type) string consisting of £ cells for all 
1 < i < r. 

• the strings Si are all translates of each other 

• the top cells (resp. rightmost cells) of si, S2, ■ ■ ■ ■, Sr occur in consecutive columns 
(resp. rows) from left to right (resp. bottom to top). 

To be clear, a column move is a sequence of partitions whose conjugate partitions are 
a row move. 

Example 7.4. If A; = 5 and iV = 18, then A = (9, 5, 4, 4, 2, 1, 1, 1) and /x = (9, 7, 5, 4, 2, 1, 1, 1) 
arc both 5-shapes and the sequence of partitions A'^ = A C A^ = (9, 5, 5, 4, 2, 1, 1, 1) C A^ = 
(9, 6, 5, 4, 2, 1, 1, 1) C A'^ = have the following boundaries: 



"rm - 



The set 11^ is endowed with a poset structure with an edge from A to (or a cover 
relation A>/i) if there is a row or a column move from A to ^u. With some analysis one 
can show that the minimal elements of the poset structure on 11^ are the k-coies and the 
maximal elements are the {k + l)-cores. 

Example 7.5. The set of elements is endowed with the the following poset structure. 
The edges representing a row move are labeled with an r and those with a column move 
with a c. 
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Example 7.6. In the set of elements of H^, we see that the highest elements in this 
partial order are those that are the lowest elements of III. The Hasse diagram resembles 
the following. 




Now the combinatorial interpretation for the branching coefficients of the /c-Schur func- 
tions is given in terms of paths within this poset (up to an equivalence on diamonds). 

Define a charge of a move to be if it is a row move and r£ for a move of length £ and 
rank r. 

If m, M, rh, M are moves relating the A;-shapes A and 7 through the following diagram, 



A 




7 



such that 

charge(m) + charge(M) = charge(m) + charge(M) 
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then the two paths from A to 7 are equivalent. Now consider two A;-shapes k,t ^ 11^ where 
K is a {k + l)-core and r is a fc-core. Let V{k,t) be the set of paths from k to r with 
respect to this equivalence relation. 

The reason the A;-shapes are related to /c-Schur functions is that we have the following 
theorem. 

Theorem 7.7. 182^ Theorem 2] Let A be k — 1 bounded partition, 

where the sum is over all k -bounded partitions fi. 

While there is not a complete proof, the charge is defined so that the following conjecture 
should also hold. 

Conjecture 7.8. 18B. Conjecture 3] Let A be k — 1 bounded partition, 



peP{cfc+i(At),Cfc(A)) 



where the sum is over all k -bounded partitions fi. 



Example 7.9. Example 7.5 and Theorem 7.7 can be used to calculate the following ex- 
pansions of 2-Schur functions in 3-Schur functions. 

4?ii[^] = 4¥ii w + 4?i w + 4?i[^] 
4S[x] = 4S[x] + 4?jx] + 4J[x] . 

This is because the two paths from the shape (3,2,1) to (4,2,1,1) are equivalent under 
the diamond relation. 



The relation that appears in Conjecture 7.8 says that 

4'i\ii [X;t] = s^Siu [X; t] + t24in [X;t]+ t^.g) [X; t] 

4?ii [X- 1] = 4?ii [X; t] + t4| [X;t]+ th'i^, [X; t] 

4S [X;t] = 4S [X;t]+ tsf^, [X;t]+ th^^ [X; t] . 

This is because the column moves with charge 2 are those from (3, 2, 1, 1) to (3, 2, 2, 1, 1) 
and from (5, 2) to (5, 3, 1). The others all have charge 1. 
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Example 7.10. The other poset we have drawn shows that s^^^]^^]^[X] = + 

(2) (2) 

2s2i\i[X] + S22i[^]- this example the two paths from (2, 1, 1, 1) to (1, 1, 1, 1, 1) are not 
equivalent. We can check that the charge of the move from (4,2,1,1) to (4,3,2,1,1) is 
3, while the move from (5,3,2,1) to (5,4,3,2,1) is 4. Since the charge from (5,3,1) to 



(5, 3, 2, 1) is 2, we conclude that Conjecture 7.8 can be used to compute 



Chapter 3 



Stanley symmetric functions and 
Peterson algebras 

Thomas LamQ 
tf ylamOumich . edu 

This purpose of this chapter is to introduce Stanley symmetric functions and affine 
Stanley symmetric functions from the combinatorial and algebraic point of view. The pre- 
sentation roughly follows 3 lectures I gave at a conference titled "Affine Schubert Calculus" 
held in July of 2010 at the Fields Institute in Toronto]^ 

The goal is to develop the theory (with the exception of positivity) without appealing 
to geometric reasoning. The material is aimed at an audience with some familiarity with 
symmetric functions, Young tableaux and Coxeter groups/root systems. 

Stanley symmetric functions are a family {F^ \ w € Sn} of symmetric functions indexed 
by permutations. They were invented by Stanley |141j to enumerate the reduced words of 
elements of the symmetric group. The most important properties of the Stanley symmetric 
functions are their symmetry, established by Stanley, and their Schur positivity, first proven 
by Edelman and Greene [lO], and by Lascoux and Schiitzenberger fll3]. 

Recently, a generalization of Stanley symmetric functions to affine permutations was 
developed in [78]. These affine Stanley symmetric functions turned out to have a natural 
geometric interpretation [TS] : they are pullbacks of the cohomology Schubert classes of the 
affine flag variety LSU{n) /T to the affine Grassmannian (or based loop space) QSU{n) 
under the natural map 0,SU{n) — )• LSU{n) /T. The combinatorics of reduced words and the 
geometry of the affine homogeneous spaces are connected via the nilHecke ring of Kostant 
and Kumar [75], together with a remarkable commutative subalgebra due to Peterson [ISOj . 
The symmetry of affine Stanley symmetric functions follows from the commutativity of 

^The author was supported by NSF grants DMS-0652641 and DMS-0901111, and by a Sloan Fellowship, 
^see http : //www. fields .ut or onto . ca/programs/ scientif ic/lO-ll/schubert/ 
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Peterson's subalgebra, and the positivity in terms of affine Schur functions is established via 
the relationship between affine Schubert calculus and quantum Schubert calculus [88 llll7j . 
The affine-quantum connection was also discovered by Peterson. 

The affine generalization also connects Stanley symmetric functions with the theory 
of Macdonald polynomials [121| and fc-Schur functions |92| - my own involvement in this 
subject began when I heard a conjecture of Mark Shimozono relating the Lapointe-Lascoux- 
Morse /c-Schur functions to the affine Grassmannian. 

While the definition of (affine) Stanley symmetric functions does not easily general- 
ize to other (affine) Weyl groups (see [191 EOl HSl [HH I131| ). the algebraic and geometric 
constructions mentioned above do. 

The first third (Sections [l] - [s]) of the chapter centers on the combinatorics of reduced 
words. We discuss reduced words in the (affine) symmetric group, the definition of the 
(affine) Stanley symmetric functions, and introduce the Edelman- Greene correspondence. 
Section |4] reviews the basic notation of Weyl groups and affine Weyl groups. In Sections 
5]|9] we introduce and study four algebras: the nilCoxeter algebra, the Kostant-Kumar 
nilHecke ring, the Peterson centralizer subalgebra of the nilHecke ring, and the Fomin- 
Stanley subalgebra of the nilGoxeter algebra. The discussion in Section [9] is new, and is 



largely motivated by a conjecture (Conjecture 5.6) of the author and Postnikov. In Section 



10 we give a list of geometric interpretations and references for the objects studied in the 
earlier sections. 

We have not intended to be comprehensive, especially with regards to generalizations 
and variations. There are four such which we must mention: 

1. There is an important and well-developed connection between Stanley symmetric 
functions and Schubert polynomials, see \18 \ I113j . 

2. There is a theory of (affine) Stanley symmetric functions in classical types; see |19| 

mmm\m\. 

3. Nearly all the constructions here have X-theoretic analogues. For full details see 

[271 EHl USES]. 

4. There is a i-graded version of the theory. See [92 [ [95 1 [96]. 

We have included exercises and problems throughout which occasionally assume more 
prerequisites. The exercises vary vastly in terms of difficulty. Some exercises essentially 
follow from the definitions, but other problems are questions for which I do not know the 
answer to. 

1 Stanley symmetric functions and reduced words 

For an integer m > 1, let [m] = {l,2,...,m}. For a partition (or composition) A = 
(Ai, A2, . . . , A^), we write | A| = Ai + • • • + A^. The dominance order ^ on partitions is given 
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by A -< /X if for some A; > we have Ai + A2 + • • • + Aj = /ii + /X2 + • • • + /ij for 1 < j < A; 
and Ai + A2 + • • • + Afc < m + ^2 + • • • + fJ-k- The descent set Des(a) of a word 0102 • • • 
is given by Des(a) = € — 1] | a?, > aj+i}- 



1.1 Young tableaux and Schur functions 



We shall assume the reader has some familiarity with symmetric functions and Young 
tableaux |121j |142l Ch. 7]. We write A for the ring of symmetric functions. We let m\, 
where A is a partition, denote the monomial symmetric function, and let hk and e^, for 
integers k > 1, denote the homogeneous and elementary symmetric functions respectively. 
For a partition A = (Ai, A2, . . . , A^), we define hx := h\^h\^ ■ ■ ■ hx^, and similarly for ex- We 
let (., .) denote the Hall inner product of symmetric functions. Thus {hx, m^) = {mx, h^) = 
{sx,Sf,) = Sx^- 

We shall draw Young diagrams in English notation. A tableau of shape A is a filling 
of the Young diagram of A with integers. A tableau is column-strict (resp. row-strict) if it 
is increasing along columns (resp. rows). A tableau is standard if it is column-strict and 
row-strict, and uses each number 1,2,..., |A| exactly once. A tableau is semi-standard if it 
is column- strict, and weakly increasing along rows. Thus the tableaux 
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are standard and semistandard respectively. The weight wt(T) of a tableau T is the 
composition (ai, 02, ■ ■ ■) where ai is equal to the number of i's in T. The Schur function 
sx is given by 



Sx{xi,X2, . . .) = 



.wt(T) 



where the summation is over semistandard tableaux of shape A, and for a composition 
a, we define 2 ^ • • • . For a standard Young tableau T we define Des(r) = 

{i I i + 1 is in a lower row than i}. We also write for the number of standard Young 
tableaux of shape A. Similar definitions hold for skew shapes A//i. 

We shall often use the Jacobi-Trudi formula for Schur functions (see [12H I142j ) . 



Theorem 1.1. Let A = (Ai > A2 > 



sx 



• > A£ > 0) be a partition. Then 
det(/iA,+i-i)li=i- 



1.2 Permutations and reduced words 

Let Sn denote the symmetric group of permutations on the letters [n] . We think of permu- 
tations WjV £ Sn as bijections [n] — )• [n], so that the product w v G Sn is the composition 
wovas functions. The simple transposition Sj G 5„, i G {1, 2, . . . , n — 1} swaps the letters 
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i and i + 1, keeping the other letters fixed. The symmetric group is generated by the Sj, 
with the relations 

= 1 for 1 < i < n — 1 

SiSi+iSi = Si+iSiSi+i for 1 < -i < n - 2 

SiSj = SjSi for \i — j| > 1 

The length i{w) of a permutation w £ Sn is the length of the shortest expression w = 
Sii • • • Sii, for w as a. product of simple generators. Such a shortest expression is called a 
reduced expression for w, and the word iii2 ■ ■ - ii'is a reduced word for w. Let R{w) denote 
the set of reduced words oi w £ Sn- We usually write permutations in one-line notation, 
or alternatively give reduced words. For example 3421 G 5*4 has reduced word 23123. 

There is a natural embedding Sn ^ Sn+i and we will sometimes not distinguish be- 
tween w £ Sn and its image in Sn+i under this embedding. 



1.3 Reduced words for the longest permutation 

The longest permutation wq £ Sn is wq = n{n — 1) •••21 in one-line notation. Stanley 
|141j conjectured the following formula for the number of reduced words of wq, which he 
then later proved using the theory of Stanley symmetric functions. Let 5n = (n, n—1, . . . , 1) 
denote the staircase of size n. 

Theorem 1.2 ([1.41J). The number R{wo) of reduced words for wq is equal to the number 
j<5n-i of staircase shaped standard Young tableaux. 



1.4 The Stanley symmetric function 

Definition 1.3 (Original definition). Let w £ Sn- Define the Stanley symmetric functiorj^ 
Fw by 

Fw (^1 5 ^2) • • •) — ^ ^ ^bi ' ' ' "^bt • 

a-^a2 ■ ■ .a^GR^w) 1 <&-[^ <&2 ' " ^'^^ 
ai<ai + l => fei<6i_|_i 

We shall establish the following fundamental result [141j in two different ways in Sec- 
tions [2] and [5j but shall assume it for the remainder of this section. 

Theorem 1.4 ([141J). The generating function F^ is a symmetric function. 

A word aia2---a£ is decreasing if oi > 02 > • • • > a^. A permutation w £ Sn is 
decreasing if it has a (necessarily unique) decreasing reduced word. The identity id £ Sn is 
considered decreasing. A decreasing factorization oiw £ Sn is an expression w = V1V2 ■ ■ ■ Vr 
such that Vi £ Sn are decreasing, and i{w) = X]i=i^(^«)- 



^Our conventions differ from Stanley's original definitions by o to 
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Definition 1.5 (Decreasing factorizations). Let w G 5„. Then 

F^(xi,X2, . . .) = X] ^1 



Example 1.6. Consider w = S1S3S2S3 £ S4. Then R{w) = {1323,3123, 1232}. Thus 

Fw = "1211 + 3miiii = S211. 
The decreasing factorizations which give m2ii are 31 2 3, 1 32 3, 1 2 32. 

1.5 The code of a permutation 

Let w £ Sn- The code ci^w) is the sequence c{w) = (ci, C2, . . .) of nonnegative integers given 
by Ci = #{j £ [n] \ j > i and w{j) < w{i)} for i G [n], and Cj = for z > n. Note that the 
code of w is the same regardless of which symmetric group it is considered an element of. 

Let A(w) be the partition conjugate to the partition obtained from rearranging the 
parts of c{w^^) in decreasing order. 

Example 1.7. Let w = 216534 G Sq. Then c{w) = (1,0,3,2,0,0,...), and c{w-^) = 
(1, 0, 2, 2, 1,0,...). Thus X{w) = (4, 2). 

For a symmetric function f £ A, let [mx]f denote the coefficient of mx in /. 

Proposition 1.8 ( |141| ). Let w £ Sn- 

1. Suppose [mx\Fyj / 0. Then A ■< \{w). 

2. [mx{w)]Fw = 1- 

Proof. Left multiplication of w by si acts on c{w~^) by 

(Cl, . . . ,Ci,Ci+l, . . .) I > (Cl, . . . ,Ci+l,Ci - 1, . . .) 

whenever £{siw) < i{w). Thus factorizing a decreasing permutation v out of w from the 
left will decrease £{v) different entries of c{w~^) each by 1. (1) follows easily from this 
observation. 

To obtain (2), one notes that there is a unique decreasing permutation v of length 
m{w) such that £{w) = i{v~'^w) + ({v). □ 

Example 1.9. Continuing Example |1.6[ one has w = 2431 in one-line notation. Thus 



X{w) = (2, 1, 1), agreeing with Proposition 1.8 and our previous calculation 
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1.6 Fundamental Quasi-symmetric functions 

Let D C [n — 1]. Define the (Gessel) fundamental quasi- symmetric function Lq by 

I<bi<b2'-<bn 

ieD => bi+i>bi 

Note that Ld depends not just on the set D but also on n. 

A basic fact relating Schur functions and fundamental quasi-symmetric functions is: 

Proposition 1.10. Let \ be a partition. Then 



X]^Des(T)- 

T 



Definition 1.11 (Using quasi symmetric functions). Let w £ Sn- Then 

Fw{xi,X2, . ■ .) = ^ -^^Des(a)- 
aei?(«)-l) 



Example 1.12. Continuing Example 1.6, we have = L2 + Li -\- L3, where all subsets 
are considered subsets of [3]. Note that these are exactly the descent sets of the tableaux 
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1.7 Exercises 

1. Prove that \c{w)\ := ^iCi{w) is equal to (.{w). 

2. Let 5oo = U„>iS'„, where permutations are identified under the embeddings Si 

82 ^ • • • . Prove that w 1 — > c{w) is a bijection between 5oo and nonnegative 
integer sequences with finitely many non-zero entries. 



3. Prove the equivalence of Definitions |1.3[ |1.5[ and 1.11 



4. What happens if we replace decreasing factorizations by increasing factorizations in 
Definition [Lli' 

5. What is the relationship between F^j and F^-i7 

6. (Grassmannian permutations) A permutation w £ Sn is Grassmannian if it has at 
most one descent. 



(a) Characterize the codes of Grassmannian permutations. 
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(b) Show that if w is Grassmannian then Fyj is a Schur function. 

(c) Which Schur functions are equal to for some Grassmannian permutation 

w £ 5„? 

7. (321-avoiding permutations [18j) A permutation w £ Sn is 321-avoiding if there does 
not exist a < b < c such that 'w{a) > w(b) > w(c). Show that w is 321-avoiding if 
and only if no reduced word i E R{w) contains a consecutive subsequence of the form 
j{j + If w is 321-avoiding, show directly from the definition that is a skew 
Schur function. 



2 Edelman- Greene insertion 
2.1 Insertion for reduced words 

We now describe an insertion algorithm for reduced words, due to Edelman and Greene 



[40], which establishes Theorem 1.4 and in addition stronger positivity properties. Related 
bijections were studied by Lascoux-Schiitzenberger |115j and by Haiman [62]. 

Let T be a column and row strict Young tableau. The reading word r{T) is the word 
obtained by reading the rows of T from left to right, starting with the bottom row. 

Let w G Sn- We say that a tableau T is a EG-tahleau for w if r{T) is a reduced word 
for w. For example, 



1 


2 


CO 


2 


3 





has reading word r{T) = 23123, and is an EG-tableau for 3421 G S/^. 

Theorem 2.1 ([40J). Let w £ Sn- There is a bijection between R{w) and the set of pairs 
(P, Q), where P is an EG-tableau for w, and Q is a standard Young tableau with the same 
shape as P. Furthermore, under the bijection i o (P(i),Q(i)) we have Des(i) = Des((5). 



Combining Theorem 2.1 with Proposition 1 1 ■ 1 0] and Definition 1.11[ we obtain: 



Corollary 2.2. Let w £ Sn- Then F^ = Y^x'^wxsx, where a^x is equal to the number of 
EG-tableau for . In particular, F^ is Schur positive. 

As a consequence we obtain Theorem |1.4[ 

Lemma 2.3. Suppose T is an EG-tableau for Sn- Then the shape ofT is contained in the 
staircase 5n-i- 

Proof. Since T is row-strict and column-strict, the entry in the i-th row and j-th column 
is greater than or equal to i + j — 1. But EG-tableaux can only be filled with the numbers 
l,2,...,n — 1, so the shape of T is contained inside (5„_i. □ 
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Proof of Theorem 1.2. The longest word wq has length (! 
for wq. Since the staircase 5n-i has exactly (2) boxes, Lemma 
shape 5n^i- But then it is easy to see that the only possibility for T is the tableau 



Supp ose T is an EG-tableau 
shows that T must have 



2.3 
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Thus it follows from Theorem 2.1 that R^wq) = /' 



□ 



The proof of Theorem 2.1 is via an explicit insertion algorithm. Suppose T is an EG- 
tableau. We describe the insertion of a letter a into T. If the largest letter in the first row 
of T is less than a, then we add a to the end of the first row, and the insertion is complete. 
Otherwise, we find the smallest letter a' in T greater than a, and bump a' to the second 
row, where the insertion algorithm is recursively performed. The first row R oiT changes 
as follows: if both a and a+1 were present in R (and thus a' = a + 1) then the row remains 
unchanged; otherwise, we replace a' by a in R. 

For a reduced word \ = iii2 ■ ■ ■ it, we obtain P(i) by inserting zi, then i2, and so on, 
into the empty tableau. The tableau Q{\) is the standard Young tableau which records the 
changes in shape of the EG-tableau as this insertion is performed. 

Example 2.4. Let i = 21232. Then the successive EG-tableau are 
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so that 



Q(i) 
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2.2 Coxeter-Knuth relations 

Let i be a reduced word. A Coxeter-Knuth relation on i is one of the following transfor- 
mations on three consecutive letters of i: 

1. a (a + 1) a ~ (a + 1) a (a + 1) 
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2. abc ^ acb when b < a < c 

3. abc ^ bac when b < c < a 

Since Coxeter-Knuth relations are in particular Coxeter relations for the symmetric group, 
it follows that if two words are related by Coxeter-Knuth relations then they represent 
the same permutation in Sn- The following result of Edelman and Greene states that 
Coxeter-Knuth equivalence is an analogue of Knuth-equivalence for reduced words. 

Theorem 2.5 (|40j). Suppose i, i' G R{w). Then P(i) = P(i') if and only if i and i' are 

Coxeter-Knuth equivalent. 



2.3 Exercises and Problems 

1. For w £ Sn let 1 X w £ Sn+i denote the permutation obtained from w by adding 1 
to every letter in the one-line notation, and putting a 1 in front. Thus if w = 24135, 
we have 1 x w = 135246. Show that Fy^ = Fixw 



2. Suppose w £ Sn is 321-avoiding (see Section 1.7). Show that Edelman-Greene inser 



tion of i G R{w) is the usual Robinson-Schensted insertion of i. 

3. (Vexillary permutations |18| ) A permutation w £ Sn is vexillary if it avoids the 
pattern 2143. That is, there do not exist a < b < c < d such that w{b) < w{a) < 
w{d) < w{c). In particular, wq is vexillary. 

The Stanley symmetric function F^, is equal to a Schur function s\ if and only if w 
is vexillary [181 p. 367]. Is there a direct proof using Edelman-Greene insertion? 

4. (Shape of a reduced word) The shape A(i) of a reduced word i £ R{w) is the shape 
of the tableau P(i) or Q(i) under Edelman-Greene insertion. Is there a direct way to 
read off the shape of a reduced word? (See [153] for a description of Ai(i).) 

For example, Greene's invariants (see for example [142^, Ch. 7]) describe the shape 
of a word under Robinson-Schensted insertion. 



5. (Coxeter-Knuth relations and dual equivalence (graphs)) Show that Coxeter-Knuth 
relations on reduced words correspond exactly to elementary dual equivalences on 
the recording tableau (see [H^). They thus give a structure of a dual equivalence 
graph [5] on R{w). 

An independent proof of this (in particular not using EG-insertion) , together with the 
technology of [5] , would give a new proof of the Schur positivity of Stanley symmetric 
functions. 
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6. (Lascoux-Schiitzenberger transition) Let £ Sn denote the transposition which 

swaps i and j. Fix r £ [n] and w £ Sn- The Stanley symmetric functions satisfy 
|115] the equahty 

u=w {r,s): £{u)=£(w)+l r<s \v=w {s' ,r): £{v)=£(w)+l s' <r j 

where the last term with x = (1 x w){l,r) is only present if i(x) = i{w) + 1. 

One obtains another proof of the Schur positivity of Fu as follows. Let r be the last 
descent of n, and let k be the largest index such that u{r) > u{k). Set w = u{r,k). 



Then the left hand side of (2.1) has only one term Fu- Recursively repeating this 
procedure for the terms F^ on the right hand side one obtains a positive expression 
for Fu in terms of Schur functions. 



7. (Little's bijection) Little |119j described an algorithm to establish (2.1), which we 
formulate in the manner of [86]. A v-marked nearly reduced word is a pair (i, a) 
where i = iii2 ■ ■ ■i£ is a word with letters in Z>o and a is an index such that j = 
h'i'2 ■ ■ ■ ia • • ■ i£ '^s a, reduced word for v, where ia denotes omission. We say that (i, a) 
is a marked nearly reduced word if it is a ?;-marked nearly reduced word for some v. 
A marked nearly reduced word is a marked reduced word if i is reduced. 

Define the directed Little graph on marked nearly reduced words, where each vertex 
has a unique outgoing edge (i, a) — (i', a') as follows: i' is obtained from i by changing 
ia ia — I- If — 1 = 0, then we also increase every letter in i by 1. If i is reduced 
then a' = a. If i is not reduced then a' is the unique index not equal to a such that 
iii2 • • • ia' • • • ie reduced. (Check that this is well-defined.) 

For a marked reduced word (i, a) such that i is reduced, the forward Little move sends 
(i, a) to (j, 6) where (j, b) is the first marked reduced word encountered by traversing 
the Little graph. 

Example 2.6. Beginning with i = 2134323 and a = 5 one has 

2134321 2134221 2134211 3245321. 

Note that i is a reduced word for u = 53142 which covers w = 43152. The word 
3245321 is a reduced word for 514263 = (1 x w){l, 2). 

Check that if you apply the forward Little move to a w-marked reduced word (i, a) 



where i € R{u) for some u on the left hand side of (2.1 ), you will get a. {w oi 1 x w 



marked reduced word (j, b) where j S R{v) for some v on the right hand side of (2.1 ). 



This can then be used to prove (2.1). 
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(Dual Edelman-Greene equivalence) Let R{oo) denote the set of all reduced words 
of permutations. We say that i, i' G R{oo) are dual EG-equivalent if the recording 
tableaux under EG-insertion are the same: Q(i) = Q{i')- 

Conjecture 2.7. Two reduced words are dual EG-equivalent if and only if they are 
connected by forward and backwards Little moves. 



For example, both 2134321 and 3245321 of Example 2.6 Edelman-Greene insert to 
give recording tableau 
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Hamaker and Young f63] have announced a proof of Conjecture 2.7 



9. Fix a symmetric group 5„. Is there a formula for the number of EG-tableau of a 



10. 



11. 



fixed shape A? (See also Section 5.4 and compare with formulae for the number of 
(semi)standard tableaux |H2j.) 

There are two common bijections which demonstrate the symmetry of Schur func- 
tions: the Bender-Knuth involution [11], and the Lascoux-Schiitzenberger/crystal 
operators (see for example [107]). 

Combine this with Edelman-Greene insertion to obtain an explicit weight-changing 
bijection on the monomials of a Stanley symmetric function, which exhibits the sym- 
metry of a Stanley symmetric function. Compare with Stanley's original bijection 

m- 

(Jeu-de-taquin for reduced words) There are Jeu-de-taquin theories for skew EG- 
tableaux. This was developed for two-row tableaux by Bergeron and Sottile p^, and 
by Thomas and Yong [152^ 1153] in the context of Hecke insertion. For example one 
possible slide is 
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3 AfRne Stanley symmetric functions 



3.1 AfRne symmetric group 

For basic facts concerning the affine symmetric group, we refer the reader to [22] . 
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Let n > 2 be a positive integer. Let Sn denote the affine symmetric group with simple 
generators sq, si, • • • , Sn-i satisfying the relations 

= 1 for aU i 

SiSi+iSi = Si+iSiSi+i for all i 

SiSj = SjSi for \i — j\ > 2. 

Here and elsewhere, the indices will be taken modulo n without further mention. The 
length £{w) and reduced wo rds Rjuj) for affine permutations w £ Sn are defined in an 



analogous manner to Section 1.2, The symmetric group Sn embeds in Sn as the subgroup 
generated by si, S2, . . • , Sn-i- 

One may realize Sn as the set of all bijections w : Z ^ Z such that w{i + n) = w{i) + n 
for all i and Y17=i '"^(^) ~ ^^=1 ^- ^^^^ realization, to specify an element w £ Snit suffices 
to give the "window" [w{l),w{2), . . . ,w{n)]. The product w • v of two affine permutations 
is then the composed bijection w o u : Z — t- Z. Thus wsi is obtained from w by swapping 
the values of w{i + kn) and w{i + kn + 1) for every k € Z. An affine permutation w £ Sn 
is Grassmannian if w{l) < w{2) < • • • < w{n). For example, the affine Grassmannian 
permutation [—2,2,6] G S3 has reduced words 2120 and 1210. We denote by 5^ C Sn the 
subset of affine Grassmannian permutations. 



3.2 Definition 

A word 0102 • • • a£ with letters in TLjnL is called cyclically decreasing if (1) each letter 
occurs at most once, and (2) whenever i and i + 1 both occur in the word, i + 1 precedes i. 

An affine permutation G is called cyclically decreasing if it has a cyclically de- 
creasing reduced word. Note that such a reduced word may not be unique. 

Lemma 3.1. There is a bijection between strict subsets ofTLjnTL and cyclically decreasing 
affine permutations w £ Sn, sending a subset S to the unique cyclically decreasing affine 
permutation which has reduced word using exactly the simple generators {si \ i G S}. 

We define cyclically decreasing factorizations of w £ Sn in the same way as decreasing 
factorizations in Sn- 

Definition 3.2. Let w G Sn- The affine Stanley symmetric function F^ is given by 

W=VlV2---Vr 

where the summation is over cyclically decreasing factorizations of w- 
Theorem 3.3 ([78j). The generating function F^j is a symmetric function. 
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Theorem 3.3 can be proved directly, as was done in [78j. We shall establish Theorem 
3.3 using the technology of the affine nilHecke algebra in Sections 6]|8 Some immediate 



observations: 



1. Fyj is a homogeneous of degree i{w). 

2. w £ Sn, then a cyclically decreasing factorization of w is just a decreasing factor- 
ization of w, so Fw = Fw 

3. The coefficient of xiX2 ■ ■ ■ in Fw is equal to \R{w)\. 

Example 3.4. Consider the affine permutation w = S2SiS2SqS2- The reduced words are 
R{w) = {21202, 12102,21020}. The other cyclically decreasing factorizations are 

2T20 2,2T2 02,T2T0 2,T2T02,T2T0 2,n02 0,2T02 0,2T020 



21 2 02,1 21 02,21 02 

Thus 

Fw = m22i + 2m2iii + 3miiiii. 



3.3 Codes 

Let w G Sn- The code c(tt;) is a vector c{w) = (ci, C2, . . . , c„) E Z"q — Z"q of non-negative 
entries with at least one 0. The entries are given by q = #{j G Z | j > i and w{j) < w{i)}. 

It is shown in {22| that there is a bijection between codes and affine permutations and 
that £{w) = \c{'w)\ := XlILi'^*- define X^w) as for usual permutations (see Section 
[l|. For example, for w = S2SosiS2Siso = [—4,3,7] G 5*3, one has c{w~^) = (5,1,0) and 
A = (2, 1,1, 1,1). 

Let denote the set of partitions A satisfying Ai < n, called the set of (n — l)-bounded 
partitions. 

Lemma 3.5 (|22j). The map w i— )• X{'w) is a bijection between and . 



The analogue of Proposition 1.8 has a similar proof. 
Proposition 3.6 ([78]). Let w £ Sn- 

1. Suppose [mx\Fyj ^ 0. Then A -< X{w). 
2- [mx(w)\Fw = 1- 
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3.4 A(„) and A(") 

Let A(„) C A be the subalgebra generated by hi, /i2, . . . , hn-i, and let A^") := A//(„) where 
is the ideal generated by for n ^ B"'. A basis for A(„) is given hy {h\ \ X £ B'^} . A 
basis for A^"^ is given by {mx \ A G B'^}. 

The ring of symmetric functions A is a Hopf algebra, with coproduct given by ^{hj.) = 
Ylj=o^3 ® ^k-j- Equivalently, the coproduct of /(xi,X2,...) G A can be obtained by 
writing /(xi, X2, . . . , yi, y2, • • •) in the form J2i fi{xi, X2, ■ ■ ■) ® gi{yi:y2, ■ ■ ■) where fi and 
Qi are symmetric in x's and y's respectively. Then A(/) = fi® Qi- 

The ring A is self Hopf-dual under the Hall inner product. That is, one has (A/, g®h) = 
{f,gh) for f,g,h £ A. Here the Hall inner product is extended to A (g) A in the obvious 
way. The rings A(„) and A*-") are in fact Hopf algebras, which are dual to each other under 
the same inner product. We refer the reader to |121j for further details. 



3.5 AfRne Schur functions 

Stanley symmetric functions expand positively in terms of the basis of Schur functions 
(Corollary |2.2[ ). We now describe the analogue of Schur functions for the affine setting. 

For A G we let F\ := Fw where u) G S'JJ is the unique affine Grassmannian permuta- 
tion with Xiw) = A. These functions Fx are called affine Schur functions (or dual fc-Schur 
functions, or weak Schur functions). 

Theorem 3.7 ([Ml EH])- The affine Schur functions {Fa I A G B"^} form a basis o/A("). 



Proof. By Proposition 3.6, the leading monomial term of Fx is nix. Thus {Fx \ A G is 



triangular with resepect to the basis {mx \ A G B"^}, so that it is also a basis. □ 

We let {s^'^''} C A(„) denote the dual basis to Fx- These are the (ungraded) k-Schur 
functions, where k = n — 1. It turns out that the fe-Schur functions are Schur positive. 
However, affine Stanley symmetric functions are not. Instead, one has: 

Theorem 3.8 ([7S]). The affine Stanley symmetric functions F^ expand positively in terms 
of the affine Schur functions Fx . 



Theorem 3.8 was established using geometric methods. See Section 10 and [79]. It is 
an open problem to give a combinatorial interpretation of the affine Stanley coefficients, 
expressing affine Stanley symmetric functions in terms of affine Schur functions. 



3.6 Example: The case of S; 



3 



To illustrate Theorem 



3.7 



we completely describe the affine Schur functions for S- 



3- 



Proposition 3.9. Let w £ Sn be the affine Grassmannian permutation corresponding to 
the partition {2"!^). Then \R{w)\ = (L^''^+''J). 



U2CHAPTER 3. STANLEY SYMMETRIC FUNCTIONS AND PETERSON ALGEBRAS 



Proposition 3.10. The affine Schur function ib is given by 
The k-Schur function Sga^t ^-^ given by 

(2) _ ,a\b/2\,b-2lb/2\ 
2° I'' ~ '''2^2 '''1 

Example 3.11. For w = 1210, we have a = 1 and 5 = 2. Thus R{w) = {1210,2120} has 
cardinahty (^) = 2, and -F2,i2 = "1-211 + 2miiii. 



Example 3.12. The affine Stanley symmetric function of Example 3.4 expands as 

Fw = -^22,1 + -^2,1^ + -^1^ 



agreeing with Theorem 3.8 



3.7 Exercises and problems 

1. (Coproduct formula [78]) Show that AF^ = J2uv=w:e{w)=e{u)+eiv) ® F^- 



2. (321-avoiding affine permutations [TH]) Extend the results in Section 1.7 on 321- 
avoiding permutations to the affine case. 



3. (Affine vexillary permutations) For which w G 5„, is -F^ equal to an affine Schur 
function F\! See the discussion of vexillary permutations in Section 2.3 and also [78} 
Problem 1]. 

4. (n — )• cx) limit) Show that for a fixed partition A, we have lim„_s.oo -^{"^ ~ where 
F^") denotes the affine Schur function for Sn- 



5. Extend Proposition 3.10 to all affine Stanley symmetric functions in 53, and thus 



give a formula for the affine Stanley coefficients. 

6. Is there an affine analogue of the fundamental quasi-symmetric functions? For exam- 
ple, one might ask that affine Stanley symmetric functions expand positively in terms 
of such a family of quasi-symmetric functions. Affine Stanley symmetric functions do 
not in general expand positively in terms of fundamental quasi-symmetric functions 
(see [I22I Theorem 5.7]). 

7. Find closed formulae for numbers of reduced words in the affine symmetric groups Syi-i 



n > 3, extending Proposition 3.9 Are there formulae similar to the determinantal 



formula, or hook-length formula for the number of standard Young tableaux? 
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8. (n-cores) A skew shape A//i is a n-ribbon if it is connected, contains n squares, and 
does not contain a 2 x 2 square. An n-core A is a partition such that there does not 
exist n so that A/// is a n-ribbon. There is a bijection between the set of n-cores and 
the affine Grassmannian permutaitons S^. Affine Schur functions can be described 
in terms of tableaux on n-cores, cahed fc-tableau [95] (or weak tableau in |81j). 

9. (Cylindric Schur functions \132\ 1122] ) Let C{k,n) denote the set of lattice paths p 
in where every step either goes up or to the right, and which is invariant under 
the translation {x,y) i— )• (x + n — k,y + k). Such lattice paths can be thought of 
as the boundary of an infinite periodic Young diagram, or equivalently of a Young 
diagram on a cylinder. We write p <Z q\ip lies completely to the left of q. A cylindric 
skew semistandard tableau is a sequence pq d pi d ■ ■ ■ <Z pk oi pi E C(k^ n) where 
the region between pi and Pi+i does not contain two squares in the same column. 
One obtains [132J a natural notion of a cylindric (skew) Schur function. Show that 
every cylindric Schur function is an affine Stanley symmetric function, and every 
affine Stanley symmetric function of a 321-avoiding permutation is a cylindric Schur 
function ([78]). 



10. (Kashiwara-Shimozono affine Grothendieck polynomials) The usual Stanley sym- 
metric functions can be expressed as stable limits of Schubert polynomials |18j . 
What is the relationship between affine Stanley symmetric functions and the affine 
Grothendieck polynomials of Kashiwara and Shimozono [69] ? 

11. Is there a good notion of Coxeter-Knuth equivalence for reduced words of affine 
permutations? This may have an application to the affine Schur positivity of affine 
Stanley symmetric functions (Theorem 3.8). See also Section 2.3 ([5]). 



12. (Affine Little bijection [86]) There is an affine analogue of Little's bijection (Section 
|2.3|) developed in |86j . It gives a combinatorial proof of the affine analogue of the 



transition formula (2.1). Can the affine Little bijection, or the affine transition for- 



mula lead to a proof of Theorem 3.8 ? Can one define a notion of dual EG-equivalence 
using the affine Little bijection? 

13. (Branching positivity [82l|80]) Let denote the affine Schur functions for 5„. Then 

F^~^^^ expands positively in terms of F^"^ modulo the ideal in symmetric functions 
generated by ruy with ui > n. Deduce using ^ that A:-Schur functions are Schur 
positive. 



4 Root systems and Weyl groups 

In this section, we let W he a finite Weyl group and Waf denote the corresponding affine 
Weyl group. We shall assume basic familiarity with Weyl groups, root systems, and weights 
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MM- 

4.1 Notation for root systems and Weyl groups 

Let A = {aij)i,jei^f denote an affine Cartan matrix, where laf = / U {0}, so that {aij)ij(zi 
is the corresponding finite Cartan matrix. For example, for type A„_i (corresponding to 
Sn) and n > 2 we have /af = '^/nZ and 

2 ifi = j 
-1 if j = i ± 1 
otherwise. 

The affine Weyl group Waf is generated by involutions {si \ i £ /af} satisfying the 
relations {siSj)^^^ = id, where for i ^ j, one defines niij to be 2,3,4, 6, c« according as 
aijUji is 0, 1,2,3, > 4. The finite Weyl group W is generated by {si \ i £ I}. For the 
symmetric group W = Sn, we have I = [n — 1], rrii^i+i = 3, and niij = 2 for \i — j\ > 2. 

Let R be the root system for W. Let i?+ denote the positive roots, R~ denote the 
negative roots and {oj | i £ 1} denote the simple roots. Let 9 denote the highest root of 
R+. Let p= lJ2a€ 

^+ a denote the half sum of positive roots. Also let {a( \ i £ 1} denote 

the simple coroots. 

We write i?af ^ind R^^ for the affine root system, and positive affine roots. The positive 
simple affine roots (resp. coroots) are {a, | i £ laf} (resp. {a^ \ i £ /af})- The null root 5 
is given hy 5 = + 6. A root a is real if it is in the Waf-orbit of the simple affine roots, 
and imaginary otherwise. The imaginary roots are exactly {k5 \ k £'L \ {0}}. Every real 
affine root is of the form a + k6, where a £ R. The root a + kS is positive if /c > 0, or if 
k = and a £ R~^ . 

Let Q = ©ig/Z • Ui denote the root lattice and let = ©jg/Z • qV denote the co-root 
lattice. Let P and denote the weight lattice and co-weight lattice respectively. Thus 
Q C P and C P^. We also have a map Qaf = ©ie/af^ ■ cii ^ P given by sending ao 
to —6 (or equivalently, by sending 5 to 0). Let (., .) denote the pairing between P and P^. 
In particular, one requires that {a^ ,aj) = aij. 

The Weyl group acts on weights via Sj • A = A — (a-^, A)aj (and via the same formula 
on Q or Qaf), and on coweights via Si ■ = fj, — {p,ai)a( (and via the same formula on 
Q^). For a real root a (resp. coroot a^), we let Sa (resp. s^^) denote the corresponding 
reflection, defined by Sa = wriw~^ if a = w ■ Ui. The reflection Sa acts on weights by 
Sq, • A = A — (a^, A)a. 

Example 4.1. Suppose W = Sn and Waf = Sn- We have positive simple roots ai,a2, ■ ■ ■ ,an 
and an affine simple root ao- The finite positive roots are /?"*" = {ctij '■= aj+aj+i - - -+Qj_i | 
^ ^ i < j ^ n}. The reflection s^. ^ is the transposition {i,j). The highest root is 
9 = ai + ■ ■ ■ + ctn-i- The affine positive roots are R'^^ = {aij \ i < j}, where for simple 
roots the index is taken modulo n. Note that one has Oij = ai+nj+n- The imaginary roots 
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are of the form a, For a real root atj, the reflection is the afHne transposition 

The weight lattice can be taken to be P = Z"/(l, 1, . . . , 1), and the cowcight lattice 
to be = {{xi,X2, . ■ ■ ,Xn) £ I X^i^i = 0}- The roots and coroots are then aij = 
Gi — Cj = a/j (though the former is in P and the latter is in P^). The inner product 

X P — >■ Z is induced by the obvious one on Z'". 

4.2 AfRne Weyl group and translations 

The afhne Weyl group can be expressed as the semi-direct product l^af = W t< Q^, as 
follows. For each A G Q^, one has a translation element t\ G VFaf- Translations are 
multiplicative, so that t\-t^ = tx+ii- We also have the conjugation formula wtxw~^ = tyj.x 
ioT w e W and A G . Let sq denote the additional simple generator of Waf- Then 
translation elements are related to the simple generators via the formula 

So = So'^t^gv. 

Example 4.2. For Waf = Sn, and A = (Ai, A2, . . . , A^) G Q^, we have 

tx = [1 + nXi,2 + nX2, ■ ■ ■ ,n + nXn]- 

Thus t^0v = [1 — n, 2, . . . , n — 1, 2n\ and sq = sevt-gv is the equality 

[0,2,...,ra- l,n + 1] = [n,2,...,n- 1,1] • [1 - n, 2, . . . , n - 1, 2n]. 

The element wtx acts on /x G P via 

wtx ■ jJL = w ■ ^. (4-1) 

In other words, the translations act trivially on the finite weight lattice. This action is 
called the level zero action. 

Let I : Waf — > Z>o denote the length function of W^t- Thus i{w) is the length of the 
shortest reduced factorization of w. 

Exercise 4.3. For wtx & Wa,i, we have 

eiwtx)= Yl \{\a) + x{w-a)\, (4.2) 
aeR+ 

where x(ct) = if a G P"*" and x('^) = 1 otherwise. 

A coweight A is dominant (resp. anti- dominant) if (A, a) > (resp. < 0) for every root 
a G P+. 

Exercise 4.4. Suppose A G is dominant. Then i{tyjx) = 2(A, p). 
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Let W^f denote the minimal length coset representatives of Ws_f/W, which we call 
Grassmannian elements. There is a natural bijection between W^^ and Q^: each coset 
Wai/W contains one element from each set. 

Exercise 4.5. We have W^^ n Q'^ = the elements of the coroot lattice which are 
anti-dominant. 

In fact an element wtx lies in W^^ if and only if tx G Q~ and w E PV^^ where is the 
set of minimal length representatives of W/W\ and Wx is the stabilizer subgroup of A. 

5 NilCoxeter algebra and Fomin- Stanley construction 

Let be a Weyl group and W^t be the corresponding affine Weyl group. 
5.1 The nilCoxeter algebra 

The nilCoxeter algebra Aq is the algebra over Z generated hy {Ai \ i £ 1} with relations 
A^ = 

(AiAj)' = {AjAif if {siSj)' = {sjs.f 

Aj^AiAj") = (j4jAj) Ai if Sj{siSj) = {siSj) Si 

The algebra Aq is graded, where Ai is given degree 1. 

The corresponding algebra for the affine Weyl group will be denoted (Aaf)o- 

Proposition 5.1. The nilCoxeter algebra Aq has basis {A^ \ w E W}, where A^ = 
Ai^Ai^^ ■ ■ ■ Ail, for any reduced word iii2 ■ ■ - it of w. The mulitplication is given by 



Ain Ai' 



Awv if ({wv) = £{w) + e{v) 
otherwise. 



5.2 Fomin and Stanley's construction 

Suppose W = Sn- We describe the construction of Stanley symmetric functions of Fomin 
and Stanley [48]. Define 

hfc = ^ Ay,. 

w decreasing; £{w)=k 

For example, when n = 4, we have 

ho = id 

hi = + ^2 + ^3 

ha = A21 + A31 + A32 
ha = ^321 
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where Ai-^i^—ii '■ — ■^i\-^i2 ' ' ' ^ie- 

Lemma 5.2 ([48]). The generating function h(t) = h^t*^ has the product expansion 

h{t) = {l+tAn-l){l + tAn-2)---{l+tAi). 

Definition 5.3 (NilCoxeter algebra). The Stanley symmetric function is the coefficient 
of Ayu in the product 

h(xi)h(a;2) • • • 



Lemma 5.4 ([H]). We have 



Thus for every k,l we have 



h{x)h{y) = h(y)h(x) 



hfch/ = hihk. 

Proof. We observe that (1 + xAi) and (1 + yAj) commute whenever |i — j| > 2 and that 
(1 + xAi+i){l + xAi){l + yAi+i) = (1 + yAi+i){l + yAi){l + xAi+i){l - yAi){l + xAi). 
Assuming by induction that the result is true for Sn-i we calculate 
(1 + xAn-i) •••(! + xyli)(l + yAn^i) •••(! + yAi) 

= [(1 + yAn-l)il + 2/^n-2)(l + xAn^i){l - yA„_2)(l + xAn-2)] 

(1 + xAn-s) •••(! + xAi){l + yAn-2) • • • (1 + yAi) 

= (1 + yAn-i){l + yAn-2)il + xA„_i)(l - yAn-2) [(1 + yAn-2) ■■■{! + yAi)] 

[{1 + xAn-2) ■ ■ ■ {I + xAi)] 

= (1 + yAn-i) • • • (1 + yAi){l + xAn-i) • • • (1 + xAi). 



□ 



Proof of Theorem I.4 Follows immediately from Definition 5.3 and Lemma 5.4 



□ 



The following corollary of Lemma 5.4 suggests a way to generalize these constructions 
to other finite and affine Weyl groups. 

Corollary 5.5. The elements generate a commutative subalgebra o/Aq. 



We call the subalgebra of Corollary 5.5 the Fomin- Stanley sublagebra of Aq, and denote 
it by B. As we shall explain, the combinatorics of Stanley symmetric functions is captured 
by the algebra B, and the information can be extracted by "picking a basis". 
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5.3 A conjecture 

We take W to be an arbitrary Weyl group. For basic facts concerning the exponents of 
W, we refer the reader to pi] . The following conjecture was made by the author and Alex 
Postnikov. Let {R'^ , -<) denote the partial order on the positive roots of W given hy a ~< f3 
if /3 — a is a positive sum of simple roots, and let J{R'^, -<) denote the set of upper order 
ideals of ^). 

Conjecture 5.6. The (finite) nilCoxeter algebra Aq contains a graded commutative sub- 
algebra B' satisfying: 

1. Over the rationals, the algebraM'(S>zQ is generated by homogeneous elements hj^, hjj, ■ • • , hj^ G 
Aq with degrees deg(hj^. ) = ij given by the exponents ofW. 

2. The Hilbert series P{t) ofM' is given by 

p{t)= 

In particular, the dimension ofM' is a the generalized Catalan number for W (see for 
example fj^ ). 

3. The setM' has a homogeneous basis {bj \ I G J(i?^,^)} consisting of elements which 
are nonnegative linear combinations of the A^,. 

4- The structure constants of the basis {bj} are positive. 

In the sequel we shall give an explicit construction of a commutative subalgebra IB and 



provide evidence that it satisfies Conjecture 5.6 



Suppose W = Sn- We show that B' = B satisfies Conjecture 5^ The upper order ideals 
/ of (i?^, -<) are naturally in bijection with Young diagrams fitting inside the staircase 6n-i- 
For each partition A we define the noncommutative Schur functions G B, following Fomin 
and Greene [H], by writing sx as a polynomial in the hi, and then replacing hi by hj. (We 
set hfc = if A: > n, and hg = 1.) Fomin and Greene show that sx is a nonnegative 
linear combination of the A^^s (but it will also follow from our use of the Edelman- Greene 
correspondence below). 

Proposition 5.7 (Lam - Postnikov). The set {sx \ A C 6n-i} CM is a basis for B. 

Proof. Let (.,.) : Aq (X" Aq — ?• Z be the inner product defined by extending bilinearly 
{Ay^,Ay) = 6wv Rewriting the definition of Stanley symmetric functions and using the 
Cauchy identity, one has 

Fnj = ^(hAihAa • • • , Aw)mx 
X 

= Y{s\,Aw)sx- 
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It follows that the coefficient of Ayij in sx is a^x, the coefficient of sx in F^. By Lemma 



2.3, we have sa = unless A C 6n-i- It remains to show that this set of sx are linearly 
independent. To demonstrate this, we shall find, for each A G Sn~i, some w £ Sn such that 

Fw = + E^-<A"«'M■S/^• 
Since Sx = "iA+X]^i^A Kx^rn^ (where the KxfA. are the Kostka numbers), by Proposition 



1.8 it suffices to show that the permutation w with code c{w) = A lies in Sn- Let A 
(Ai > A2 > • . . > A^ > 0). Then define w recursively by w{i) = min{j > Ai | j ^ 
{w{l),w{2), . . . ,w{i — 1)}. Since Aj < n — i, we have w{i) < n. By construction w £ Sn 
and has code c{w) = A. □ 

Example 5.8. Let W = S4. Write Ai^i^...i^^ for Ag^^s.^-s.^^- 
Then we have 

S0 = 1 Si = ^1 + ^2 + ^3 

Sll = A12 + A23 + ^13 S2 = A21 + A32 + ^31 

Sill = ^123 S3 = ^321 

521 = ^213 + ^212 + ^323 + ^312 S211 = A1323 + A1213 

522 = ^2132 S31 = A323I + ^3121 
S22I = ^23123 S311 = ^32123 

S32 = ^32132 S321 = ^321323 



5.4 Exercises and Problems 



1. In Example 5.8 every A^ occurs exactly once, except for w = S1S3. Explain this 



using Theorem 2.5 



2. (Divided difference operators) Let di, 1 < i < n — 1 denote the divided difference 
operator acting on polynomials in xi, X2, . . . , x„ by 



di ■ f{xi, ...,Xn) 



f{xi,X2 Xn) - f{xi, . . . 



Xi Xi-\-l 



Show that Ai 1— )• di generates an action of the nilCoxeter algebra Aq for Sn on 
polynomials. Is this action faithful? 

3. (Center) What is the center of Aq and of (A^f )o? See 



4. Does an analogue of Conjecture 5.6 also hold for finite Coxeter groups which are not 
Weyl groups? 

5. How many terms (counted with multiplicity) are there in the elements sx of Propo- 
sition 5.7? This is essentially the same problem as ^ in Section 2.3 (why?). 
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6 The affine nilHecke ring 

Kostant and Kumar |75j introduced a nilHecke ring to study the topology of Kac-Moody 
flag varieties. This ring is studied in detail in Chapter |4j Section [3} We give a brief 
development here. Let W he a Weyl group and VFaf be the corresponding affine Weyl 
group. 



6.1 Definition of affine nilHecke ring 

In this section we study the affine nilHecke ring Aaf of Kostant and Kumar ^TSJ . Kostant 
and Kumar define the nilHecke ring in the Kac-Moody setting. The ring Aaf below is a 
"small torus" variant of their construction for the affine Kac-Moody case. 

The affine nilHecke ring Aaf is the ring with a 1 given by generators {Ai \ i G /af } U {A | 
A G P} and the relations 



AiX = {si-X)Ai + {a^,X)-l 
{AiA^r = {AjAiT 



for A G P, (6.1) 
(6.2) 



if {siSj 



{SjSiY 



(6.3) 



where the "scalars" A G P commute with other scalars. Thus Aaf is obtained from the 
affine nilCoxeter algebra (Aaf)o by adding the scalars P. The finite nilHecke ring is the 
subring A of Aaf generated by {Ai | z G /} U {A | A G P}. 

Let w G VFaf and let w = • • • be a reduced decomposition of w. Then A^ := 
Ai^ ■ ■ ■ Ai^ is a well defined element of Aaf, where = 1. 

Let S = Sym(P) denote the symmetric algebra of P. The following basic result follows 
from |75^ Theorem 4.6], and can be proved directly from the definitions. 



Lemma 6.1 (See Chapter |4| Lemma 3.6). The set {Ay^ \ w G Waf} is an S -basis o/Aaf. 



Lemma 6.2. The map Waf i— >• Aaf given by Sj i— )• 1 — OjAj G Aaf is a homomorphism. 
Proof. We calculate that 



1 - 2aiAi + OiAiUiAi 

1 - 2aiAi + Oii-OiAi + 2)Ai 

1 



using (6.1 ) 



using Af = 0. 



If AiAj = AiAj then OiAj = AjUi so it is easy to see that SiSj = SjSi. Suppose AiAjAi 
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AjAiAj. Then Uij 



-1 and we calculate that 



SiSjSi = (1 - aiAi){l - ajAj){l - UiAi) 

= 1 - {2aiAi + ajAj) + (aiAiajAj + aiAiUiAi + UjAjaiAi) - aiAiajAjaiAi 
= 1 - {2aiAi + ajAj) + {2aiAj + 2aiAi + 2aj^j) + aj(ai + aj)AiAj+ 

aj{ai + aj)AjAi - {uiAi + ai(aj + aj)ajAiAjAi) 
= 1 + (2aiAj + 2ajAi 



aiAi - ajAj) + ai{ai + aj)AiAj+ 



aj{ai + aj)AjAi - aiiai + aj)ajAiAjAi. 
Smce the above expression is symmetric in i and j, we conclude that SiSjSi = SjSiSj. □ 

for {AiAjf = {AjAif and {AAjf = 



Exercise 6.3. Complete the proof of Lemma 
{AjAif. 



6.2 



It follows from Lemma 6.1 that the map of Lemma 6.2 is an isomorphism onto its image. 
Abusing notation, we write w S Aaf for the element in the nilHecke ring corresponding to 



w G VFaf under the map of Lemma 6.2, Then W^i is a basis for Aaf (Xi5Frac(5) over Frac(5) 
(not over S since Ai = ^{1 — Sj)). 

Lemma 6.4. Suppose w G W^^i and s £ S. Then ws = {w ■ s)w. 

Proof. It suffices to establish this for w = Si, and s = X £ P. We calculate 

SiX = (1 - aiAi)X 

= A - ai{si ■ X)Ai - ai{a^ , X) 
= {si ■ X) - {si ■ X)aiAi 
= {si ■ X)si. 

□ 



6.2 Coproduct 

The following Proposition is established in Chapter [4j Section 3.2 

Proposition 6.5. Let M and N he left Ai^f -modules. Define 

M (g)5 iV = (M (g)z N)/{sm ®n-m®sn\s£S,m£M,n£N). 

Then Aaf acts on M ®s N by 

s ■ {m ®n) = sm n 
Ai ■ {m ®n) =Ai-m®n + m®Ai-n — a^Ai ■ m ® Ai ■ n. 

Under this action we have 

w ■ {m n) = wm (8) wn 

for any w G Waf. 



(6.4) 
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Consider the case M = A^f = A^. By Proposition |6.5| there is a left S- module homo- 
morphism A : Aaf —5- Aaf 0s ^a-i defined by A(a) = a • (1 (g) 1). It satisfies 

A(g) = s<g)l for s e 5 (6.5) 

A{Ai) = l(g)Ai + Ai0l- aiAi ® Ai for i G /. (6.6) 

Let a G Aaf and A(a) = ^ a^.u]A„ ® A^ with o^^^ G S. In particular if & G Aaf and 
^(b) = J2v',w' bv',w'Ay' (g) Au,' then 

A{ab) = A(a) • A(6) := ^ a^^wbv' ^w'KK' ®A^Ayji. (6.7) 

Remark 6.6. We caution that Aaf ®s ^ei is not a well-defined ring with the obvious 
multiplication. 

6.3 Exercises and Problems 

The theory of nilHecke rings in the Kac-Moody setting is well-developed I77j . See 
Chapter |4j Section [3} 

1. The following result is [75, Proposition 4.30]. Let w G Waf and X £ P. Then 

Ai,X = {w X)A^^ + ^ {a^,X)Awso,, 

WSc,: l{wsa)=£{w) — l 

where a is always taken to be a positive root of VFaf- The coefficients (a^,A) are 
known as Chevalley coefficients. 

2. (Center) What is the center of Aaf? (See [THl Section 9] for related discussion.) 

7 Peterson's centralizer algebras 

Peterson studied a subalgebra of the affine nilHecke ring in his work |130j on the homology 
of the affine Grassmannian. 

7.1 Peterson algebra and j-basis 

The Peterson centralizer subalgebra P is the centralizer Z^^^ (5*) of the scalars S in the affine 
nilHecke ring Aaf. In this section we establish some basic properties of this subalgebra. 
The results here are unpublished works of Peterson. 

Lemma 7.1. Suppose a G Aaf. Write a = Yliw&w^t '^wW, where G Frac(S'). Then a G P 
if and only if aw = for all non-translation elements w / t\. 
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Proof. By Lemma 6.4, we have for s £ S 

aww)s = ^ aw{w ■ s] 



w 



and so a G P implies aw{w ■ s) = a^s for each s. But using (4.1), one sees that every 
w G VFaf acts non-trivially on S except for the translation elements t\. Since S is an 
integral domain, this implies that aw = Q for all non-translation elements. □ 

Lemma 7.2. The subalgebra P is commutative. 



Proof. Follows from Lemma [7. 1| and the fact that the elements tx commute, and commute 
with S. □ 

The following important result is the basis of Peterson's approach to affine Schubert 
calculus via the affine nilHecke ring. 

Theorem 7.3 ( |130^ [79]). The subalgebra P has a basis {jw \ w G W^^] where 

jw — ~^ ^ ^ jw^x 

forjl G 5. 



Peterson constructs the basis of Theorem |7.3| using the geometry of based loop spaces 
(see |130t 179]). We sketch a purely algebraic proof of this theorem, following the ideas of 
Lam, Schilling, and Shimozono [85]. A full proof of this theorem is given in Chapter [4| 



7.2 Sketch proof of Theorem 7.3 



Let 'Fwn.iWa.i, S) denote the set of functions ^ : Waf — >• S. We may think of functions 
i G Fun(Waf,S') as functions on Aaf, by the formula HYjw&w^t'^w'^) = llw&w^i^i'^)°-w- 
Note that if a = X^^eiy ^o^wW £ Aaf, the ayj may lie in Frac(5) rather than 5, so that in 
general ^(a) G Frac(5). Define 

Haf := {i G Fun(T^af , S) \ i{a) G S for ah a G Aaf}. 

(The ring Haf is denoted Aaf in Chapter [4|) Let 

= G Haf I i{w) = ^{v) whenever wW = vW}. 

It follows easily that Haf has a basis over S given by {S^^ \ w G Waf} where ^'"(A^,) = 6^^ 
for every v G Waf. Similarly, has a basis given by {^^ \ w G W^^} where ^^(A^) = 5vw 
for every v G W^^. 

The most difficult step is the following statement: 
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Lemma 7.4. There is a map oj : Haf — )• H!^£ defined by uj{^){tx) = ^{t\). 

In other words, remembers only the values of on translation elements, and one 
notes that = for w G W°j:. By Lemma [Tlj = w(0(a) for ^ G Saf and a G P. 

We define {j^ G IP ^ Frac(5) | w G W!^^} by the equation 

Co (i"!" ) ~ ^WV 

for w,v G Wj^£. Such elements jt„ exist (and span F Frac(5') over Frac(5)) since each 
C G is determined by its values on the translations tx. The coefficient of A^ in 
is equal to the coefficient of in u;(C^), which by Lemma 7.4, must lie in S. This proves 
Theorem I 



Finally, Lemma 7.4 follows from the following description of Haf and , the latter due 
to Goresky-Kottwitz-Macpherson [55), Theorem 9.2]. See [85j for an algebraic proof in a 
slightly more general situation. 

Proposition 7.5. Let ^ G Fun(Waf,5'). T/ien ^ G Haf i/ and only if for each a G R, 
w G Waf ) fi'^c^ eoc/i integer d > we have 

Ciw{l - tav)'^-^) is divisible by a*^"^ (7.1) 

and 

£,{w{l - tav)'^-i(l - sa)) is divisible by a'^. (7.2) 

Let C G Fun(VFaf) S) satisfy (,{w) = ^{v) whenever wW = vW. Then ^ G if it satisfies 

Remark 7.6. The ring Haf is studied in detail by Kostant and Kumar [75] in the Kac- 
Moody setting. See Chapter |4j 

7.3 Exercises and Problems 

1. Show that A sends P to P (8) P. Show that the coproduct structure constants of P 
in the j-basis are special cases of the coproduct structure constants of Aaf in the 
^d^-basis. 



2. (j-basis for translations [13^ I79j) Prove using Theorem 7.3 that 

3. (j-basis is self-describing) Show that the coefficients j^ directly determine the struc- 
ture constants of the {jw} basis. 

4. Find a formula for jg^tx (see [HHl Proposition 8.5] for a special case). 
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5. Extend the construction of P, and Theorem 7^ to extended affine Weyl groups. See 
and [Ml Theorem 12]. 



6. (Generators) Find generators and relations for P. This does not appear to be known 
even in type A. 

7. Find general formulae for in terms of Ax- See [88] for a formula in terms of 
quantum Schubert polynomials, which however is not very explicit. 

8 (AfRne) Fomin- Stanley algebras 

Let (/>o : 5" — 7- Z denote the map which sends a polynomial to its constant term. For 
example, (po{3aia2 + a2 + 5) = 5. 

8.1 Commutation definition of affine Fomin-Stanley algebra 

We write (Aaf)o for the affine nilCoxeter algebra. There is an evaluation at map (j)Q : 
Aaf (Aaf)o given by (po{Y^^ A^) = (/)o(a^) A^. We define the affine Fomin- 
Stanley subalgebra to be Baf = 4>o(^) C (Aaf)o- The following results follow from Lemma 
17.21 and Theorem 17.31 



Lemma 8.1. The sei Baf C (Aaf)o is a commutative subalgebra o/(Aaf)o- 
Theorem 8.2 ([7S]). The algebra Baf has a basis {j^ | w G ^afi satisfying 



l{x)=i{w) 



and is the unique element in Baf with unique Grassmanian term A^ 
Proposition 8.3 ([79]). The subalgebra Baf C (Aaf)o is given by 

Baf = {a G (Aaf)o|0o(as) = 0o(s)a for all s G S}. 



Proposition 8.3 is proved in the following exercises (also see |791 Propositions 5.1,5.3,5.4]). 
Exercise 8.4. 

1. Check that a G Baf satisfies (/>o(as) = 4>o{s)a for all s G 5, thus obtaining one 
inclusion. 

2. Show that if a = Ylw&w ^^^^ G Aq lies in Baf, then a is a multiple of yljd. (Hint: 



the action of Aq on S via divided difference operators is faithful. See Section 5.4 
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3. Suppose that a £ (Aaf)o satisfies the condition </>o(as) = (l)ois)a for aU s £ S. Use (2) 
to show that a must contain some affine Grassmannian term A^ , w G W^^ . Conclude 
by Theorem [O] that a G Baf. 

A basic problem is to describe Baf explicitly. We shall do so in type A, following [79] 
and connecting to affine Stanley symmetric functions. For other types, see |84l I131j . 

8.2 Noncommutative fc-Schur functions 

In the remainder of this section, we take W = Sn and Waf = Sn- We define 

w cyclically decreasing: £{w)=k 

for fc = 1, 2, . . . , n — 1. Introduce an inner product (., .) : (Aaf)o x (Aaf)o — ^ ^ given by 
extending linearly (A^^Ay) = d^v 

Definition 8.5. The affine Stanley symmetric function is given by 

Fw — ^ '] {^cit ' ' ' ^oii ) A^'^x 

a 

where the sum is over compositions a = (ai, 02, • • • > cti). 

Below we shall show that 
Theorem 8.6 ([79j). The elements hi,h2, . . . ,h„_i G (Aaf)o commute. 



Assuming Theorem |8.6[ Theorem |3.3| follows. 



Define the noncommutative /c-Schur functions s^'^^ G (Aaf)o by writing the A;-Schur 

(k) / I I, 

functions s\ (see Section 3) as a polynomial in hi, and replacing hi by hj. 



Proposition 8.7 ([79]). Inside an appropriate completion 0/ (Aaf)o "X" A^"), we have 
where the sum on the left hand side is over all compositions. 

Proof. Since {slf^} and {-Fx} fire dual bases, we have by standard results in symmetric 
functions [Hg [HT] that 

inside A(„) ^ A^"). Now take the image of this equation under the map A(„) — )• (Aaf)o, 
given hy hi ^ hi. □ 
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It follows from Definition 8.5 and Proposition 8.7 that 

A 



(k) 

Thus the coefficient of A^ in 33^ is equal to the coefhcient of Fx in F^. By Theorem 
it follows that 



3.7 



sf' = Ay+ ^ a^„A A 



In particular, 

Proposition 8.8 ([79]). The subalgebra of (Aaf)o generated by hi, ... , h„_i is isomorphic 

(k) 

to A(„), with basis given by s\ . 

8.3 Cyclically decreasing elements 

For convenience, for / C TLjnL we define Ai := A^, where w is the unique cyclically 
decreasing affine permutation which uses exactly the simple generators in /. 

Theorem 8.9 ([79j). The affine Fomin- Stanley subalgebraM^^ is generated by the elements 
hfc, and we have = s^^^ where w € W^^ satisfies X{w) = A. 

Example 8.10. Let W = S^- A part of the j-basis for B^f is 



1° 

Jid 


= 1 






Jso 


= Ao + Ai + A2 






Jsiso 


= Aio + A21 + A02 






JS2S0 


= Aoi + Au + A20 






f 

JS2S1S0 


= Aioi + AiQ2 + ^210 


+ ^212 


+ ^020 + ^021 


JsiS2S0 


= ^101 + ^201 + ^012 


+ ^212 


+ ^020 + ^120 



We give a slightly different proof to the one in j79j. 

Proof. We begin by showing that G Baf . We will view S as sitting inside the polynomial 
ring Z[xi, X2, . ■ ■ , Xn]; the commutation relations of Aaf can easily be extended to include 
all such polynomials. To show that G Baf it suffices to check that (j)o{hk Xi) = for each 
i. But by the Z/nZ-symmetry of the definition of cyclically decreasing, we may assume 
i = 1. 

We note that 

Xi+iAi + 1 j = i 
Ai Xi = < Xi^iAi - 1 j = i-l 
^XiAj otherwise. 
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Now let / C TLjnTL be a subset of size k. Then 

'A 



(\)q[Aix\ 



i=0 A 







r, r + 1, . . . , n - 1, 0, 1 G / but r - 1 ^ / 
r, r + 1, . . . , n - 1, G I but r - 1, 1 ^ / 
otherwise. 



Given a size k — \ subset J C TLjnTL not containing 1, we see that the term Aj comes up in 
two ways: from (/)o(^ju{i}Xi) with a positive sign, and from (/)o(Aju{r'}a;i) with a negative 
sign, where r + 1, . . . , n — 1, all lie in J. 

Thus hjfc G Baf for each k. It follows that the hjt commute, and by (8.1), it follows that 

□ 



7° 

Jw 



^ and in particular hj generate B^f. 
8.4 Coproduct 

The map A : Aaf — )■ Aaf (^is ^a.{ equips P with the structure of a Hopf- algebra over S: to 
see that A sends P to P (gi^ P, one uses A{tx 
affine Fomin-Stanley algebra 



Theorem 8.11 ([79j 
algebras. 

By Proposition 



tx tx and Lemma 7.1 Applying (pQ, the 
af obtains a structure of a Hopf algebra over Z. 

The map A(„) — t- Baf given by hi i— t- hj is an isomorphism of Hopf 



to establish Theorem 



8.11 it suffices to show that A(hi 



E 



6.2 



j=0 hjC 



hfc_j. This can be done bijectively, using the definition in Section 

8.5 Exercises and Problems 

Let W be of arbitrary type. 

1. Find a formula for j^^. See ^87. Proposition 2.17]. 

2. For W = S3, use Proposition 3.10| to give an explicit formula for the noncommutative 
A;-Schur functions. 



3. (Dynkin automorphisms) Let uj be an automorphism of the corresponding Dynkin 
diagram. Then uj acts on (Aaf)o, and it is easy to see that ujjM ^f) = Baf. Is Baf 
invariant under w? (For W = Sn this follows from Theorem 
invariant under cyclic symmetry.) 



8.9 



since the hk are 



4. (Generators) Find generators and relations for Baf, preferably using a subset of the 
j-basis as generators. See [HH 1131] for the classical types. See also the proof of 
Proposition |9.4| below. 



5. (Power sums [7] Corollary 3.7]) Define the noncommutative power sums G Baf as 
the image in Baf of pk G A(„) under the isomorphism of Proposition 
explicit combinatorial formula for p^. (See also [44j.) 



Find an 
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6. Is there a nice formula for the number of terms in the expression of in terms of 
{A^.}? This is an "affine nilCoxeter" analogue of asking for the number of terms 
sa(1) 1, . . . , 1) in a Schur polynomial. 

7. Find a combinatorial formula for the coproduct structure constants in the j-basis. 
These coefficients are known to be positive [77] . 

8. Find a combinatorial formula for the j-basis. It follows from work of Peterson (see 
also [79l|88]) that the coefficients are positive. 



9 Finite Fomin-Stanley subalgebra 

In this section we return to general type. 

There is a linear map k : A — )• (Aaf)o given by 



A^ w £W 
otherwise. 



The finite Fomin-Stanley algebraM is the image of P under k. Since ^(hfc) = h^, this agrees 
with the definitions in Section [5l 

Conjecture 9.1. 



1. The finite Fomin-Stanley algebra M satisfies Conjecture 5.6 



2. The image K{j^) of the j-basis element j^ E Baf is a nonnegative integral linear 
combination of the bj-basis. 

3. Ifw£ W!^f is such that there is a Dynkin diagram automorphism uj so that uo{w) G W, 
then K{j^) belongs to the bj-basis. 



Example 9.2. Let W = S4 and W^f = S4. Then B is described in Example 5.8 One 

(k) 

calculates that S221 = 5221 + S32 so that 

'^(^221) = ^221 + S32 = VI32132 + ^23123 e B. 



This supports Conjecture 9.1 2), and shows that does not have to be equal to or 

to some bj. 

In the following we allow ourselves some geometric arguments and explicit calculations 



in other types to provide evidence for Conjecture 9.1 
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Example 9.3. Let W = G2 with long root ai and short root 02- Thus ao is also a long 
root for G2. As usual we shall write Ajjij-if for As^_^Si^—Sii, and similarly for the j-basis. 
The affine Grassmannian elements of length less than or equal to 5 are 

id, So, siso, S2S1S0, S1S2S1SQ, S2S1S2S1S0, so'SiS2SiSo. 

And the j-basis is given by 

jI = Aq + 2Ai + A2 
J 10 = 2^-^0'^^ 
^210 = 0)^ 
ii2io — ^(-^o)^ 

^21210 — ^21210 + ^21201 + 2yl21012 + ^12102 + 3^12101 + 2Ai2121 

+ ^12012 + ^02121 + 3j4o1201 + ^01212 
ioi210 = ^01210 + ^01201 + ^02121 + ^12012 + ^12101 + ^12102 + ^21012 

+ ^21201 + ^21212 



which can be verified by using Theorem 8.2 Note that J21210 +^01210 ~ i(io)^- Thus IB 
has basis 

id, 2A1+A2, j4i2+j421, 2^121 + A212, ^1212+^2121, 2yli2121, ^21212, ?^121212 

where the coefficient of A121212 depends on the j-basis in degree 6. The root poset of G2 is 



ai, a2 < o-i + a2 < Oil + 2a2 -< ai + 802 -< 2ai + 3a2- Both Conjectures 5^ and 9^ hold 
with this choice of basis. 

Proposition 9.4. Over the rationals, the finite Fomin- Stanley suhalgehra B (g)^ Q has a 
set of generators in degrees equal to the exponents of W . 

Proof. Let Giq denote the affine Grassmannian of the simple simply-connected complex 
algebraic group with Weyl group W . It is known jT^l Theorem 5.5] that Baf ^ H^,{Gig-, 
But over the rationals the homology //^.(GrG', Q) of the affine Grassmannian is known to 
be generated by elements in degrees equal to the exponents of TV, see [51]. (Li cohomology 
these generators are obtained by transgressing generators of H*{K, Q) which are known to 
correspond to the degrees W.) Since these elements generate B^f, their image under n 
generate B. □ 
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9.1 Problems 

1. Find a geometric interpretation for the finite Fomin-Stanley algebras B and the con- 
jectural basis 6/. 

2. Find an equivariant analogue of the finite Fomin Stanley algebra B, with the same 
relationship to B as P has to Baf. Extend Conjectures 5.6 and 9.1 to the equivariant 
setting. 



10 Geometric interpretations 

In this section we list some geometric interpretations of the material we have discussed. Let 
G be the simple simply-connected complex algebraic group associated to W. (Co)homologies 
are with Z-coefficients. 



1. The affine Fomin-Stanley subalgebra Baf is Hopf-isomorphic to the homology i^* (Gig) 
of the affine Grassmannian associated to G. The j-basis {jw} is identified with the 
Schubert basis. [I30] [79l Theorem 5.5] 

2. The affine Schur functions Fx represent Schubert classes in H* {Gvgi^^n))- [ZSl Theo- 
rem 7.1] 

3. The affine Stanley symmetric functions are the pullbacks of the cohomology Schubert 
classes from the affine flag variety to the affine Grassmannian. [79j, Remark 8.6] 

4. The positivity of the affine Stanley to affine Schur coefficients is established via the 
connection between the homology of the Gtg and the quantum cohomology of G/B. 
[T30] [88] [TT7] 

5. The (positive) expansion of the affine Schur symmetric functions {-Fa} for W^t = 
Sn in terms of {-F^} for VFaf = Sn-i has an interpretation in terms of the map 
H*{nSU{n + 1)) ^ H*{nSU{n)) induced by the inclusion nSU{n) ^ nSU{n + 1) 
of based loop spaces. [50] 

6. Certain affine Stanley symmetric functions represent the classes of positroid varieties 
in the cohomology of the Grassmannian. |73j 

7. The expansion coefficients of Stanley symmetric functions in terms of Schur functions 
are certain quiver coefficients. [26] 
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1 Introduction 

This chapter discuss some combinatorial problems that come from the geometry of a very 
large family of generalized flag varieties. They apply to the expansion of products of Schur 
functions, /c-Schur functions and their dual basis, and Schubert polynomials. Despite the 
geometric origin of these problems, concrete algebraic models will be given for the relevant 
cohomology rings and their Schubert bases. 

Let G D P D T he a Kac-Moody group over C [77], a parabolic subgroup, and a 
maximal algebraic torus. For example, we may take G = GL„(C), P the block upper 
triangular matrices with diagonal blocks of sizes k and n — k, and T C G the diagonal 
matrices. The group G may be specified by a graph called a Dynkin diagram, plus a 
little more discrete data called a root datum; see |2j The subgroup P is obtained by 
choosing a subset J of the vertex set of the Dynkin diagram. Examples of G/P are the 
Grassmannian Gr(/c, n) of A;-dimensional subspaces of C"', the variety Fl„ of full fiags in 
C", and the affine Grassmannian GrsL„ = 5'L„(C((t)))/S'L„(C[[t]]) where C[[t]] is the 
ring of formal power series and C((t)) = C[[t]][t~"^] is the field of formal Laurent series. 
Given this modest amount of discrete data (root datum and Dynkin node subset) one may 
build the T-equivariant cohomology ring //-^(G/P) oiG/P. Following Kostant and Kumar 



[75] we shall give an explicit algebraic construction A'' of H^{G/P); see ^3.6 The ring 
H'^{G/P) is a free module over the polynomial ring S = H'^{pt), and comes equipped with 
a distinguished basis {[X""]} called the Schubert basis, which is indexed by a certain subset 



^The author was supported by NSF grants DMS-0652641, DMS-0652648, and DMS-1200804 
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W'^ of the Weyl group W: 



H^{G/P)= SIX""]. (1.1) 



For u,v,w G W'^ define the "structure constants" p^^ G S by 

[X-][X^]= pZ[X^]. (1.2) 

For nontrivial geometric reasons it is known that the polynomial p^^ is homogeneous of 
degree i{u) + £{v) — £{w) and satisfies a property called Graham positivity j57]; see Section 



^3.4 



Problem 1.1. Find explicit combinatorial formulas for which are obviously Graham- 
positive. 

Using the algebraic model A'', there is an effective algorithm for expanding any element 
of H'^{G/P) into the Schubert basis, and particular for computing the polynomials p^^. 

Ordinary cohomology H*{G/P) can be recovered by forgetting equivariance, which 
means setting all the variables in the polynomial ring S to zero. Consequently the Schubert 
structure constants for H*{G/P) are merely the polynomials which are of degree zero, 
in which Graham-positivity reduces to the nonnegativity of an integer. Special cases of 
these nonnegative integers are the structure constants for the products of products of 
Schur functions (in the case of Gr(A;, n)), dual A:-Schur functions (for Gt:sl„), and Schubert 
polynomials (for Fl„). 

To understand H'^{G/P) and its Schubert calculus, it suffices to consider the case 
that P = B is the Borel subgroup. Kostant and Kumar defined a ring of operators A 
on H^{G/B) called the nilHecke ring, which is a noncommutative ring which is linearly 
dual (over S) with H^{G/B). Following Kostant and Kumar, we develop the algebraic 
construction A of H^{G/B) via the systematic use of A. 

The above machinery is then specialized to the case of the affine Grassmannian Gr. 
In this setting the equivariant cohomology ring H^{Gt) has the rich additional structure 
of a Hopf algebra, with Hopf dual given by the equivariant homology ring Ht{Gi) under 
the Pontryagin product. In this context, we explain Peterson's theory, which asserts the 
equality of the Schubert structure constants for equivariant homology i?r(Gr) with the 
Gromov-Witten invariants (quantum Schubert structure constants) for finite-dimensional 
flag varieties G/B. As a special case we obtain Lam's noncommutative A;-Schur functions 
[?9j and the relationship between /c-Schur functions and the quantum Schubert polynomials 
of Fomin, Gelfand, and Postnikov |33]. We give a general explicit formula (Proposition 



4.11) for the coefficients which involves only some computations in H^{Gt) (localizing 
Schubert classes) that we already know how to do explicitly from the general machinery 
for H'^{G/P). 
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2 Root Data 

We specify the data with which one may construct a Kac- Moody Lie algebra g [67], Kac- 
Moody group G ^77] , flag ind- variety Fl j77j , thick flag scheme Fl , and nilHecke algebra 



2.1 Cart an Data and the Weyl group 



A Cartan datum is a pair (/, A) where I is a set and A 
matrix, that is, an / x / matrix of integers such that Oj; 



{aij)iji^[ is a generalized Cartan 
= 2 for all i E / and if i ^ j then 



Qij < with aij < if and only if aji < 0. A Cartan datum may be specified by a graph 
called a Dynkin diagram which has node set / and an edge joining i G / and j G / if aij < 0, 
in which case the edge is labeled by the pair (—a 



-1. If a 



j). There are some abbreviations. 
-1 then the edge joining i and j is a plain single edge. If 



Suppose Qij ■■ 

aji = —2 then there is a double edge pointing from i to j. If aji 
edge pointing from i to j. 



-3 then there is a triple 





(-1,-1) 


(-1,-2) 


(-1,-3) 


arrow 









A Cartan datum is finite if A is positive definite; irreducible if the Dynkin diagram is 
connected; affine if it is irreducible, A has corank 1, and the restriction of ^ to /' x /' for 
every proper subset /' C I, yields a finite Cartan datum. 

Given a Cartan datum (/, A), the Weyl group W = W{I, A) is the group by elements 
{si \ i £ 1} called simple reflections with relations 

= 1 (2.1) 

(2.2) 



ma times 



rriij times 



for i ^ j where ruij and related by: 



aijOjji 





1 


2 


3 


> 3 


niij 


2 


3 


4 


6 


DO 



(2.3) 



The length £{w) oi w £ W is the minimum £ such that w = Si^Si^ ' " ^ie some indices 
ii,i2, . . . ,i£ £ L Such a factorization is called a reduced decomposition for w. A reflection 
in W is an element of the form wsiW~^ for some w £ W and i £ I. The Bruhat order < 
on W is the partial order generated by relations of the form tw < w where t is a reflection 
and w £ W are such that i{tw) < £{w). It is also generated by relations wt < w where 
£{wt) < £{w). Equivalently v < w if every (or equivalently some) reduced decomposition 
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of w contains a subexpression that is a reduced decomposition for v. We denote hy v <w 
the covering relation for W. It is equivalent to saying that v < w and i{w) = £{v) + 1. 

Example 2.1. The Cartan datum of finite type An-i is defined by the Dynkin diagram 



-a- 





n-2 




n — 1 







That is, / = {1,2, ...,n — 1}, an = 2 for 1 < i < n — 1, ai,i+i = = —1 for 

1 < i < n — 2, with aij = for other (i, j) ^ I x I. The Weyl group is the symmetric group 
Sn with Si = + 1) the adjacent transposition. The reflections are the transpositions 
(z, j) for 1 < z < j < n. 

Example 2.2. A Cartan datum of finite type Cn is given by the Dynkin diagram 

— \2] [n- l[ ^^n] 



In particular a„_i^„ = —2 and a„^„_i = —1. W is the hyperoctahedral group, which 
is isomorphic to the subgroup of S2n generated by Sj = + l)(2n — i,2n — i + 1) for 
1 < i < n — 1 and s„ = (n, n + 1). 



Example 2.3. A Cartan datum of affine type is given by the Dynkin diagram 




-a 





n-2 




n — 1 







with Dynkin node set /af = Z/nZ, an = 2 for aU i G laf, ai,j+i = aj+i^j = —1 for ah 
i G /af, including an-ifl = ao,n-i = ~1- 1^ = 5"^ is the affine symmetric group. There is 
an injective homomorphism from Sn into the permutations of Z such that Si is sent to the 
permutation of Z that exchanges {i + kn, i + kn + 1) for all A; G Z. 

Example 2.4. A Cartan datum of affine type Cn^ is given by the Dynkin diagram 

[0^^[I^ [2] |n- l|^=[jt] 



2.2 Root data 

A root datum (/, A, X, X*, {ctj}, {aV}) consists of a Cartan datum {I, A) together with 
a free Z- module X, the dual lattice X* = IIomz(X, Z), linearly independent elements 
{ai \ i e 1} C X called simple roots, linearly independent elements {a^ \ i e 1} C X* 
called simple coroots, such that 



(a/ , aj) = aij for i,jEl 



(2.4) 
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where (• , •) : X* x X — )• Z is the evaluation pairing. 
A root datum must satisfy 



rank(X) > |/| + nuUity(^). (2.5) 



A root datum is centerless if equality holds in ( |2.5| ). 
W acts on X and X* via 

s- . A = A - (a/ , X)ai for iel, XgX (2.6) 

Sj • /i = /i — (/X , ai)a^ for i G /, /i G X* . (2-7) 

These restrict to actions on the root lattice Q and the coroot lattice Q^: 

Q = 0ZaiCX (2.8) 

iei 

Q^ = 0Za^cX* (2.9) 

One may show that 

{wfi , wX) = {fi, X) forweW,X£ X, and /x G X*. (2.10) 



The set of real roots is 



A real root 



has an associated coroot 



and a reflection 



^,^ = W-{ai\i£l} CX. (2.11) 



a = If • G $re (2-12) 



a"^ = wa'^ £ X* (2.13) 



s„ = wsiw-^ G W". (2.14) 

Both and Sq, are independent of the choices of i and w. The reflection Sq, acts on X 
and AT* by 

s^.A = A-(a^, A)a for A G X (2.15) 

Sa ■ = — il^ , a)a^ for G X*. (2-16) 
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For any a G $re and w G W, we have that 

j3:=wae^re (2.17) 

= wa'^ (2.18) 

Sy3 = WSaW~^ . (2-19) 

The set of positive real roots is = $re H 0jg7 Z>oQ;i. One may show that 

= U (2.20) 

The inversion set of w is 

Inv(u;) = n 'u;"^(-$+) for weW. (2.21) 

It is the set of positive roots which are sent to negative roots by w. 

Lemma 2.5. Let w G W. Then 

lnv{w) = {a G <I>re I '^^a < w} (2.22) 

= {a^^^ = SiiSi2 ■ ■ ■ Si._-^ ■ Oi^ I 1 < i < -^l where (2.23) 
w = Si^ - ■ ■ Sjj is a reduced decomposition. 

Moreover none of the elements o/Inv(u;) is a scalar multiple of another. 

Now for some details on root data. Let 

L{Q) = {A G Q ®z ^ I (Q"" , A) C Z} 

HQ"") = {f^eQ^zX* \{n,Q) cz} 

be the weight and coweight lattices. We have 

Q C X C L{Q) (2.24) 

C X* C LiQ"^) (2.25) 

where L{Q)/X and L{Q'^)/X* are finite. A root datum is simply connected if it is centerless 
and L{Q) = X. 

Suppose the root datum is simply connected. Then X has a basis {oji \ i e 1} U {5i \ 
1 <i < nunity(A)} and X* has a dual basis {of \ i e 1} U {di \ 1 < i < nullity(A)}. The 
LOi are called fundamental weights and are uniquely defined. We have 

nullity(yl) 

Z6i = {XeX\ (Q^ , A) = 0} = (2.26) 
1=1 

nullity(A) 

Zdi = {fieX*\{ii,Q)=0} = X*^. (2.27) 
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Since & X we have 



ak = ''^^ajkujj mod X'^. (2.28) 

i6/ 



Example 2.6. We give several root data for the type Cartan datum of Example 2.1 

Recall that / = {1, 2, . . . , n - 1}. 

Let = 0"=iZei be the standard basis and Xi G Hom(Z",Z) be defined by Xi{ej) = 
6ij for 1 < i, j < n. Let Oj = — Cj+i and = Xj — Xj+i for i £ L These will be the 
simple roots and coroots, possibly up to taking suitable cosets. We have = {aij = 
ei — Sj \ 1 < i < j < n} , and the associated reflection for a = aij is the transposition 

1. The GLn root datum is given by taking X = Z" and X* = Hom(Z"',Z). This root 
datum is not centerless: nullity(^) = and X^ = Z(l"'). 

2. The simply connected root datum is given by taking X = Z"/Z(l") = L{Q) and 
X* = Q^. Then ut = (r, 0"^^ + ^(1") for i G I. 

3. Let X = xi + X2 + ■ ■ ■ + Xn- The adjoint root datum is given hy X = Q and 
X* = Hom(Z",Z)/Zx = L(Q^). 



Example 2.7. Consider the type Cn Cartan datum of Example 2.2 Using X = and 
Cj and Xi as in Example 2.6 we have = e, — Cj+i and = xi — Xj+i for 1 < i < n — 1, 
an = 2e„, and = Xn- 

Remark 2.8. The fundamental coweights are elements € Q 0z X* such that 



for i,j G /. The fundamental coweights need not be in the lattice X*. In Example 2.7 
havea;;^ = (1/2, . . . , 1/2) X*. 



2.3 AfRne root data 

Let {I, A, X, X* , {oi}, {a)^}) be an irreducible finite simply connected root datum. We 
shall describe the associated "untwisted" simply connected irreducible affine root datum 
denoted by (/af , ^af , ^af , X*i,{ai},{af}). 

There is a distinguished node G I^i such that /af = / U {0} [67j and the restriction of 
Aa_{ to I X I is A. We write VFaf = W^(/af , ^af) for the affine Weyl group. There is a unique 
tuple (oj I i G /af) of relatively prime positive integers which are the coefficients of a linear 
dependence relation among the columns of Ag^f: 

ajCij = for ah i G /af . (2.29) 
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The null root is 



6 = ^aiai; (2.30) 



It is the unique generator of 

'■af 



X^^' = {A G Xaf I u; • A = A for all u; G Waf 



(2.31) 



= {AGXaf |(Qrf,A) = 0} 
that lies in 0jgj^ ^ Z>oQ;i- It satisfies 

S = aQ + e (2.32) 

where G is the highest root of the finite root datum. 

There is a unique tuple (a^ | i G /af) of relatively prime positive integers which are the 
coefficients of a linear dependence relation among the rows of ^af- The canonical central 
element c G X*^ is 

c=5^a,V; (2.33) 



it generates 



X^f^'^f = {/X G X*f I u; • = for all G W^af} 

= {fieX*,\{fi,Q,i) = o}. 



(2.34) 



We have 



c = + r (2.35) 



where G is the coroot associated to 9. 

We denote the affine fundamental weights by {Aj \ i E Igs} and those of the finite root 
datum by {ui \ i E I}. Then 

Xaf = Z(5 © ZAi (2.36) 

and there is an element d G called the degree generator, defined uniquely mod Zc, such 
that X*f has dual basis 

X:i = Zd®^Zal (2.37) 
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Then 

ai = Sio+ ^ OfciAfc (2.38) 

where A^^f = {ciij)i,j£i^f There is an exact sequence 

^ Z5 ® ZAo X^i ^ X ^ 0. 

There is a section X — )• Xg_{ defined by i->- Aj — a^Ao for i G /. Using this section we 
regard Q C X C Xaf. 

The real affine roots and the positive subset $^f^ are related to the set $ of finite 
roots by 

= ^ + Z5 (2.39) 
^'^^+ = u ($ + Z>o(5). (2.40) 

Since (c, Qaf) = (resp. {Q^^ , 6) = 0), the action of Waf on X^f (resp. X*^) preserves 
the set of weights of a given level (resp. colevel) where 

lcvcl(A) = (c , A) for A G X^f (2.41) 

colevel(/i) = {fx,S) for /x G X^. (2.42) 

Therefore for every m G Z there is an action of Waf called the level (colevel) m action, 
on the set of elements of Xg,f of level zero (elements of X*^ of colevel zero) which may be 
identified with Z5 ® X (resp. Q^^ = Zc ® Q^), defined by 

Wm\ = -mAo + w ■ {mAo + A) for A G Z(5 ® X (2.43) 

w -m fJ' = -md + w ■ {md + fx) for/xGZc©Q^. (2.44) 



For A G Z5 X we have 



For ij, G we have 



Since 



Si -m X = Si ■ X iti e I 

50 -m A = So ■ A - mao. 

51 -m fJ- = Si ■ n Hi e I 
So -m fJ- = So ■ fj, - mao . 



Waf-6 = d (2.45) 
Wai-c = c (2.46) 
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the level m action of VFaf on Z5 © X (resp. ) factors through projection mod Z5 (resp. 
Zc). So there is a level m action of W^f on X given by 

■Si -jn A = Sj • A for 2 G / 

(2.47) 

So "m A = • A + m0 

for A G X, and a colevel m action of W^f on defined by 

Si -m = Si ■ u if i £ I 

^ ^ ^ (2.48) 
So -m fJ- = se ■ fJ- + m6 

for ^ G Q^- Identifying Waf with its image in Aut((5^) under the faithful level 1 action, 
we have 

W^i = WK (2.49) 

where = {i^ | ^ G Q^} is the group of translations by elements of . We have 

wtfj,w^^ = tuj.n for u; G and fi G Q^. 
The reflection Sa+k5 for a + A;(5 G with a G and k £ Z, satisfies 

Sa+kS = Satka"^ ■ (2.50) 

In particular, for ckq = 5 — 0, we have 

So = Sgt_0v. (2.51) 
Let /X G . Under the level m action on 7j6 (B X we have 

-m (A + M) = (A + M) - (m+ A))5 for A G X. (2.52) 
Modding out by Z6, the level action of VFaf on X is given by 

{ut^)-o\ = u-\ for u G 14^ and G Q^; (2.53) 
the translations act trivially. 

Example 2.9. With the affine A^}_^ Cartan datum of Example 2.3, we have = 1 for all 

i G /af , S = ao + ai -\ h a„_i and 9 = ei - en- 

Example 2.10. With the affine c!^^^ Cartan datum of Example 2.4, we have laf = {0, 1, 2}, 







-1 









2 






{ 


-1 





(2.54) 

(ao, ai, 02) = (1, 2, 1), (5 = ao + 2ai + 02, and = 2ai + 02- We let X = 1? , a\ = (1, — 1), 
OL2 = (0,2), X* = I?, aX = (1,-1), = (0,1). Then 6 = (2,0) = si • 02 so that 
= si-a)i = (1,0) = ay + a^. So c = + + a^. 
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3 NilHecke ring and Schubert calculus 
3.1 NilHecke ring 

Fix a root datum. Let S = H'^{pt) = Sym(X) be the polynomial ring having a variable 
for each free generator of X and let F = Frac(/S') be the fraction field. The action of W on 
X induces actions of W on and F by ring automorphisms, and F acts on itself by left 
multiplication. 

Example 3.1. For An-i and the GL„ root datum we have X = Q^^i'^Zn and S = 
. . . , Zn], F = Q(zi, . . . , Zn)- W = Sn pcrmutcs variables. 

Let V €z W and q,q' E F. Viewing both as operators on F we have 

{voq)-q =v{q- q) 

= {v ■ q){v ■ q) 
= {{v ■q)ov)- q', 

that is, vq = {v ■ q)v as operators on F. Define 

Fw=^Fw, (3.1) 

the F-vector space with basis W , with product given by 

{pv){qw) = {p{v ■ q)){vw) for p, g G F and u; G H^. (3-2) 

It is the smash product of Q[VF] and F, the ring generated by the actions of W and F upon 
F. 



Example 3.2. For the root datum of Example 2.6 we have S — ^[xi, . . . , 1 and 

F = Q(2;i,...,x„). 

For any a G <I>re define the element Aa G Fw by 

= a-i(l - (3.3) 



We write 



For a = u; • G $re we have 



Ai = A^^ for i G I. (3.4) 

wAiW~^ = Aa (3.5) 

SoL-^a — Aa (3-6) 

■^aSa — ~-^ci (3-7) 

A\ = 0. (3.8) 
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The Ai satisfy the braid relations as the Sj in W: 

AiA^ = AjAi^ (3.9) 

rriij times niij times. 

Therefore it makes sense to define 

A^ = Ai,---Ai^ where (3.10) 

reduced decomposition. 



Using (3.8) and (3.9) one may show that 



1 otherwise. 
Since A^, G Fw there are unique c^, t, G F such that 

Aw = Cw,vV. (3-12) 

Lemma 3.3. 

Cw,w 7^ (3.13) 

Cw,v = unless w > v. (3-14) 

In particular {A^ \ w G W} is a left F-basis ofF\y. 

The subring Aq of Fw generated by {Ai | i G /} is called the nilCoxeter algebra. 
Lemma 3.4. 

Ao = ZA^. (3.15) 

wew 

Lemma 3.5. For every a G ^rc, A G X, and q, q' G S, we have 

^„ . A = (a^ , A) (3.16) 

A^ ■ {qq') = {Ao, ■ q)q' + (s„ • g)(A„ • q'). (3.17) 

In particular, A^ ■ S C S for all a G ^I'rc- 

The nilHecke ring A is the subring of Fw generated by S and Aq. 
Lemma 3.6. A is a free left S -module with basis {A^ \ w G W}: 

A = SAw. (3.18) 
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Proof. By (3.17) we have the commutation relation in A: 



Aa q = {Aa ■ q)Aid + (sa • q)Aa for all a € <l*rc and q £ S. (3.19) 
This relation may be used to commute all Ai to the right past elements of S. This shows 



that {Au, I w £ W} generates A as a left 5-module. By Lemma 3.3 the A^ are independent. 

□ 

Let V <w indicate a Bruhat covering relation: v < w and £{w) = i{v) + 1. In this case 
there is a unique a £ <1>^ such that w = vsa- 



Proposition 3.7. For any v £ W and X £ X , we have 



A^X = {v ■ X)A^ + {a"" , X) A^,^. 



Exercise 3.8. Prove Lemmas 3.3 and 3.5 and Proposition 3.7 
We have 



Therefore 



Si = 1 — aiAi for alH S / 



W 



By Lemma 3.6 there exist unique elements d^w £ S such that 



By (3.14) it follows that 



w — ^ ^ d^yjA^. 



dvw = unless v < w. 



Lemma 3.9. The d^^w <ire uniquely defined by: 

1. If w = id then 

dv,id — '^11, id' 

2. Otherwise let i £ I be such that wsi < w. Then 

dv,w = dy^y,s, + x{vsi <v){w ■ ai)d^si,' 

where 

x{true) = 1 
Xifalse) = 



(3.20) 



(3.21) 
(3.22) 
(3.23) 

(3.24) 



(3.25) 

(3.26) 
(3.27) 
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Proof. The uniqueness holds by induction on w and then on v. Equation (3.25) holds since 
idw = ^id- We have 



w = {wSi)Si 

= {wsi){l - aiAi) 

= wsi — wsiOiAi 

= wsi + {w ■ ai)wsiAi. 



Taking the coefficient of A^ on both sides and using (3.11) we obtain (3.26). 
Proposition 3.10. Let w = Si-^ - ■ ■ Si^ be a reduced decomposition. We have 



(3.28) 



□ 



(-l)^(^)d 



(3.29) 



n 



The parenthesized expression is viewed as an element of Fw acting on 1 £ F and factors 
in the products occur in order from left to right as the index j increases. 

Note that the sum runs over subexpressions of the given reduced decomposition of w, 
which are reduced decompositions of v. 

Example 3.11. For type A2 (symmetric group S3) let v = si and w = S1S2S1. The reduced 
decomposition S1S2S1 has two embedded copies of si corresponding to the bit sequences 



(&i,62i^3) given by (1,0,0) and (0,0,1). Therefore (3.29) has two summands: 

{-lY^'"-^dsi,siS2Si = {{aisi)s2si + sis2{aisi)) • 1 

= ai + ,515201 = Ol + 02. 

Here is a table of the values of {—lY^^^d^^w for all v,w £ S3. 



v\w 


123 


132 


213 


231 


312 


321 


123 


1 


1 


1 


1 


1 


1 


132 





02 





01 + 02 


02 


Ol + 02 


213 








Ol 


Ol 


Ol + 02 


Ol + 02 


231 











oi(ai + 02) 





oi(oi + 02) 


312 














02(01 + 02) 


02(01 + 02) 


321 

















0102(01 + 02) 



Exercise 3.12. Prove Proposition 3.10 



Corollary 3.13. We have (-l)^^'')^,^ G Z>o[oi | i G /]. 
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3.2 Coproduct on A 

The nilHecke ring A has a coproduct structure. This discussion follows Peterson [130j and 
Kostant and Kumar [75J. 

We first define the coproduct on F]y over F. 

Let M and be left Fv^-modules. Then M, N, M (g)F N, and HomF(M,iV) are left 
F-modules. We define F^y-module structures on M 0p N and Homp{M, N). 

Recall that M (^p N has relations of left F-linearity in each factor, along with the 
relation 

q-m®n = m®q-n (3.30) 

for all g G F, m G M, and n ^ N. 

Let A : Fw — >• F\y (gip F]y be the left F-linear map defined by 

A{w) = w(^w for all z« G W. (3.31) 

Clearly A has image F'^^, the left F-subspace of F\y (^f defined by 

It is obvious that F'^r is isomorphic to Fw as a ring under the obvious componentwise 
product given by {pv (8) v){qw w) = pvqw vw = p{v ■ q)vw ® vw. 
The proof of the following result appears in Appendix [A} 

Proposition 3.14. 

1. For any expressions of A{a) and A(6) in F^y 0p Fw of the form 

(a) 
(b) 

with «(!), a(2)) ^{1)5 ^(2) £ (but it is not assumed that the individual summands 
a(i) a(2) or 6(2) are in F'^, ), the product of A(a) and A(6) in F'yy can be 
computed by the naive componentwise product 

A{ab) = A{a)A{b) = ^ a(i)6(i) (g> 0(2)6(2)- (3.32) 

(a),(f>) 

2. Suppose M and N are F]y -modules. With a £ F]y and A(a) as above, F]v acts on 
M (8)F N by the componentwise action of A (a) on m®n: 

a - {m®n) = a(i) • m ® a(2) • n (3.33) 

(a) 
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3. Fw acts on RoiJiF {M,N) by 



(a-/)(m) = ^a(2)-/(a|i)-m) (3.34) 

(a) 

where a ^ is the left F -linear automorphism ofF\Y given by w ^ . 

Remark 3.15. Note that in the expression A(a) = X](a) '^(i) '^(2); it may be that a 
particular summand a(i) (8) a(2) is NOT in F'^y. An example is A{Ai) = Ai (d) 1 + Si Ai, 
where neither of the summands Ai<Sil and Si<SiAi, is in F^. For such individual summands 
the componentwise action is ill-defined; see the following paragraph. Nevertheless if the 
ill-defined componentwise action is applied to each summand of an element of F'^r and the 
results are added, the end result yields a well-defined action. 

The naive componentwise product structure, which is well-defined on F'^ C F^'^pFw, 
does not extend to F]yi^pF]y. Take q £ F and u,v £ W. We recall that qid(S'W—id0q'w = 0. 
Suppose the componentwise product was well-defined on F^^ (^f Fw- Then we would have 

= (n (g) id) • {qid (8> — id (S" qw) 

= uqid w — idqw 
= {u ■ q)u ®w — qu®w 
= {—q + u ■ q)u (g) w 

But u - q^ q'va. general, giving a contradiction. 

The following result is proved in Appendix [A} 
Proposition 3.16. 

1. The map A : F^y — )• Fiy ®f Fw induces the unique left S -module homomorphism 
A : A —?- A(E)s A such that 

A{Ai) = Ai (S) 1 Si (g) Ai (3.35) 

= 1 Ai -\- Ai Si for alii £ I 

A{ab) = A(a)A(6) for all a, 6 G A, (3.36) 



where the product on Im(A) is defined by the componentwise product (3.32). 

2. Let M and N be left A-modules. Then there is an action of A on M (^s defined by 

Ai- {m(^n) = {Ai-m)0n-\- (sj • m) (g) {Ai ■ n) (3.37) 

= m,®{Ai-n) + {Ai ■ m) (g) (sj • n) (3.38) 

q ■ {m®n) = qm (g n (3.39) 

for i £ i and q £ S. 
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3. There is a left A-action on Hom5(M, A^) given by 

{q- f){m)=q- f{m) (3.40) 

{Ai ■ f) (m) = A,-f{s,-m) + f{A, ■ m) (3.41) 

= Si ■ f{A, -171) + A- f{m) (3.42) 

{w ■ f){m) = w ■ f{w~^ ■ m). (3.43) 
for q £ S, f e Hom5(M, N), m£ M, i £ I, and w GW. 
The Theorem ahows us to perform computations such as 

A{A,Aj) = A{Ai)A{Aj) 

= {Ai (g) 1 + Si (g) Ai){Aj (g)l + sjfg) Aj) 

= AiAj 1 + AiSj (g) Aj + SiAj (g Ai + SiSj (g) AiAj. 

Lemma 3.17. 

A(A^) G + A (3.44) 

u<w 

Exercise 3.18. Prove Lemma [3.171 
3.3 Duality and the GKM ring 

Let = HomF-Mod(Fvy, F) be the F-vector space of left F-linear maps Fw — >• F. It has 



(3.46) 



two left actions of Fw, one given by Proposition 3.16 and denoted by •, and a commuting 
Fvi/-action 

(5./)(a) = /(a6) (3.45) 
for all a,b € Fw and / G F^. Define the left F-bilinear evaluation pairing 

F*^ X Fm. ^ F 
(/,«) = /(a). 
Define the GKM ring A C F^ by 

A = {/ G F*^ I /(A) C 3} (3.47) 

= {/ G F*^ I f{A^) G S for all w G W} 
A = {/ G A I f{A^) ^ for finitely many w G W}. (3.48) 

The • action of Fw on F^ restricts to a left ^-action on A and A: 

{sf){a) = sf{a) = f{sa) for ah / G A, s G 5, a G Fvf- (3.49) 



By Lemma |3.6| any element of A, being left S-linear, is completely determined by its 
values on the basis {A^ \ w G W}. The following is immediate. 
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Proposition 3.19. A is a free S-module. It has a unique S-basis {^^ | v G W} defined by 



Similarly we have the direct product 



A= J] 



By definition, the pairing (3.46) restricts to a pairing 

A X A 5. 



(3.50) 



(3.51) 



(3.52) 



Lemma 3.20. Both actions ■ and • ofFw on Fy^r defined by (3.45) restrict to an action 
of A on A and A. 

Proof. Let / G A and w G W. By definition it is easy to see that 5 • A C A. We have 

{A^ ■ f){A^) = Si ■ f{AiA^) + A, • f{A^) G S 

by Proposition 3.16, ( 3.11| ) and Lemma 3.5 Since A is generated by S and the Ai, it follows 
that A • A C A. 

To show that A • A C A, it suffices to check that (a • /)(A^) G S for a = Ai for i G / 
and a = A G X C 5. Using (3.11) we have 



{Ai* f){A^) = f{A^Ai) 

= x{wsi > w)f{A,, 



G S 



since / G A. For A G X, by Proposition 3.7 we have 

(A./)(.4^) = /(^^A) 

= {wX)f{A^)+ Yl («^ A)/(^.sJ 

which is in S as required. 

Lemma 3.21. For every f G A we have 

f{saw) — f{w) G aS for all w £ W and a G <l>re 



□ 



(3.53) 



We call (3.53) the GKM condition since it is an instance (for Fl) of a general method 
due to [53] of constructing equivariant cohomology for suitable spaces. For Fl this is due 
to Kostant and Kumar [75j. 
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Proof. Let j3 = w ^ ■ a. Then w ^SaW = or wsp = SaW. We have 

{Ap.f){w) = f{wAp) 

= f{wr\l-sp)) 
= f{a~^w{l-sp)) 
= a-\f{w)-f{wsp)) 
= a'^ifiw) - f{SaW)). 



(3.54) 



Since • / G A by Lemma 3.20 and w G A by (3.22), the right hand side of (3.54) is in 
5 as required. □ 

Lemma 3.22. For all v £ W and i ^ I 



Ai-C = Xisiv < v) 
A.C = x{vsi<v)r^. 



Exercise 3.23. Prove Lemma [3.221 
Lemma 3.24. 



^^(u;) = d^^ for v,w €W. 



Proof. By (3.23) we have 



= duw 5 ^u) 

U 

— ^ ^ duw^uv 



(3.55) 
(3.56) 



(3.57) 



□ 



Using the corresponding properties of dvw we have the following. 
Proposition 3.25. 

L ^^{w) £ S is either or a homogeneous polynomial of degree £{v) 
2. 

i,^{w) = unless v <w. 



(3.58) 



3. NILHECKE RING AND SCHUBERT CALCULUS 



181 



3. 



r(id) = <5.,id (3.59) 
C{w) = C{wsi) + xivsi<v){wai)C''{w) ifws^<w. (3.60) 



4. (-lYi-)^-{w)eZ>o[a^\^eI]. 



5. 



n 

ae<s>+ 

SaV<V 



a. 



(3.61) 



6. mina 



E 

be{o,i}^ 




06^=1 Ai.—Ay 



(3.62) 



For / e F*^, define Supp(/) and f)(/) by 

Supp(/) = {weW\ f{w) / 0} (3.63) 
r2(/) = largest subset of \ Supp(/) such that (3.64) 
V G f^(/) and u < v implies u G ^(f) for all u,v £ W. 

Proposition 3.26. Let f G F|^. T/zen / G A if and only if f satisfies the GKM condition 



(3.53) 



Proof. The forward direction holds by Lemma 3.21 Conversely let / G F?^/ satisfy the 



GKM condition (3.53). The proof proceeds by induction on ^{f). Let x G be minimal 
such that X ^ f^(/). Let /3 G <1»^ such that s^x < x. Then s^x G f^(/) and f{spx) = 0. 
By ( 3.53| ) /(x) G /^S. As this holds for all such /3 we have /(x) G ^^(x)S' by Lemma 2.5 
and Proposition 3.25, The function g{w) = f{w) — {f{x)/S,^{x))S^^{w) satisfies the GKM 



condition because both / and do. However i}{g) 2 ^(/)- By induction g E A and 
therefore / G A. □ 



Remark 3.27. The proof of Proposition 3.26 gives an effective algorithm to expand ele- 
ments of A into Schubert classes. 

Let A G X C 5. Define G F;^ by 



c\a) 



a ■ X for all a G F 



(3.65) 
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Lemma 3.28. We have 



(3.66) 



Proof. Let a G <I're a nd w £ W. We have c''^{saw) — c^{w) = SaW-\—w-X = —{a^ , w-X)a G 



aS. By Proposition 3.26 we have c G A. The expansion (3.66) may be deduced from 
(3161). □ 



Exercise 3.29. For w G 5„, let &w{x;y) be the double Schubert polynomial of Lascoux 
and Schiitzenberger }103j defined by &wf^{x;y) = nr=i^ 11^=1 (^i ~ Vj) where wq G 5„ is 
the longest element (the reversing permutation), and if wsi < w, (3^s-(x;y) = df&uj{x;y), 
where df = (xj — Xi+i)~^(l — sf) where sf acts on the x variables. Find the precise 
relationship between £,^{w) for the type An-i root datum and the specializations ©^(x; wx) 
where &v{x; wx) means ©^(x; y) with the y variables replaced by the permuted x variables 
wx. 



3.4 Multiplication in A and coproduct in A 

Let Fun(PF, F) be the set of functions W ^ F. There is a bijection F'ly — )- Fun(W, F) 
given by restriction to W. We shall use this identification without further mention. Then 
F'^ is a commutative F-algebra using the usual left F-module structure and the pointwise 
product on Fun(Ty, F): 



{f9){w) = f{w)g{w) for f,g£F*^ and w(^W. 



(3.67) 



The above formula is incorrect if w is replaced by a general element of F^; the definition 
of F^ says to first apply linearity in the argument. 

Lemma 3.30. A is a commutative S-algehra. 

For u^v^w & W define the equivariant Schubert structure constants G 5 by 



Proposition 3.31. 

1. p^^ is or a homogeneous polynomial of degree i{u) + i{v) — i{w) 

2. p^^ = unless u < w and v < w. 



(3.68) 



This implies that the expansion (3.68) is finite, so that A is a commutative S-algebra 
under the pointwise product. 



Exercise 3.32. Prove Lemma 3.30 and Proposition 3.31 
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The following Theorem requires work. See [571 [77]; the positivity property (aside from 
the obvious sign) is cahed Graham positivity. 

Theorem 3.33. (-l)^(«)+^(^)-^Mp^^ e Z>o[ai \ iel]. 
Problem 3.34. Find an explicit manifestly Graham-positive formula for p. 



uv • 



The have a geometric description as equivariant intersection numbers of Schubert 
varieties in Fl. Littlewood-Richardson numbers are a very special case. The complete 
answer is unknown even for G = GLn and for the case £{w) = l{u) + l{v) when are 
integers; this is the case of multiplying Schubert polynomials. 



Proposition 3.35. 



(3.69) 



aG<S>+ 

V<VSa 



Corollary 3.36. For all v £ W and i G I, 



(3.70) 



V<VSo 



Lemma 3.37. 



Pv 



(3.71) 



Exercise 3.38. Prove Proposition 3.35, Corollary 3.36, and Lemma 3.37 



The product in A can be recovered in A by duality. Recall A from (3.31). Define the 
left 5-bilinear pairing 



(•,•): (A ^5 A) xlm(A) ^5 

if^g, A(a)) = J];/(a(i))(7(a(2)) 



(3.72) 
(3.73) 



Lemma 3.39. For /, G A and a ^ A, we have 

{fg,a) = {f^g,A{a)). (3.74) 
Proof. We give the proof over F. By linearity we may assume a = w £ W. We have 

{f0g, A{w)) = {f^g,w0w) = f{w)g{w) = {fg , w). (3.75) 

□ 
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Applying (3.74) we see that 



Therefore p^^ is the coefficient of Au A^ in A{Aw)- Let w = Si-^ ■ ■ ■ Si^ be a reduced 



decomposition. By Proposition 3.16 A(w) can be computed as the componentwise product 
of A(A,J---A(AiJ. 



3.5 Forgetting equivariance 

Recah that A" C 5" is the subspace of linear polynomials. Consider the ring homomor- 
phism eg : S" — )• Z defined by the property eo(l) = 1 and eQ{X) = 0. Define the ring 
homomorphism eg : A — )• Aq := Z (8)5 A. It may be computed as follows. Write / E A as 
/ = E.e^ he for some G S. Then e^{f) = Z.eW 4ifv) Q where Q = e^(e) G Aq. 

Proposition 3.40. {^q | v G W} is a Z-basis of Aq. This basis has structure constants 
given by the degree zero structure constants of A: 

i(w)=e{u)+e{v) 

The following is due to Lam [79]. Define Eq : A — ^ Z (8)5 A by eg (a) = 1 (8) a. By abuse 
of notation we write A^ for its image under Eq . Then for G 5" we have 

el{a^)A^. (3.76) 

There is a ring isomorphism Z 0s A = Aq where Aq is the nilCoxeter algebra. Using this 
identification we may view : A — J- Aq. 

Example 3.41. For the root datum of type Ai, W = {id, s}, $+ = {a}, f'^(id) = f "^(s) = 
1, ^'*(id) = and C^{s) = -a. Then ^'^ is the identity in A and ^^^^ = -a^\ In Aq, ^jf is 
the identity and (Co)^ = 0- 



3.6 Parabolic case 

Let J C I be a fixed subset. Let Wj C be the subgroup generated by Si for i £ J. Let 
W'^ denote the set of minimum length coset representatives in W/Wj. Define 



A"^ = {/ G A I f{wu) = f{w) for &\\weW,ue Wj]. 



(3.77) 
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Proposition 3.42. A"' is an S-subalgebra of A with basis {^^ \ v S VF"'}. 

Remark 3.43. There are polynomial or symmetric function representatives for many cases 
of cohomological Schubert classes. Nonequivariant: 

1. Grassmannian Gr(r, n). Schur functions. 

2. Lagrangian Grassmannian 2n). Schur Q-functions. [133J. 

3. Orthogonal Grassmannians OG(n, 2n + 1) and OG(n + 1, 2n + 2): Schur P-functions. 

m- 

4. Fl for SLn'. Lascoux-Schiitzenberger Schubert polynomials |114j . 

5. Fl for Sp2n, S02n+i, S02n- Billey-Haiman Schubert polynomials fL9\ . 

6. GrsLk+i- dual /c-Schur or affine Schur functions [96] [97] [78] [79] . 

7. Gr5p,„: M- 

8. Gr5o„: [EI]. 
Equi variant: 

1. Fl for SLn'- Double Schubert polynomials |103j 

2. Fl in classical type: BCD double Schubert polynomials |65| . 

3.7 Geometric interpretations 

Fix a root datum. Let T C -B C G be a maximal torus contained in a Borel subgroup B in 
the Kac- Moody group G [77]. The Kac-Moody flag ind- variety Fl = G/B [77] is paved by 
cells BwB/B = C^^'^'^ whose closures define equivariant fundamental homology classes 
G Ht(FI). Finally, the homology Ht(FI) has a noncommutative ring structure. Let 
G act diagonally on Fl x Fl. There are isomorphisms 

Hg{FI X Fl) ^ Fgx(bxB)(G X G) ^ HBxBiG) ^ Hb{FI) ^ Ht{F\). (3.78) 

The left hand side has a convolution product [52j. There are also isomorphisms 

Hg{FI) ^ Hgxb{G) ^ Hb{G\G) ^ HBipt) ^ HT{pt). (3.79) 

Finally, Hg{FI x Fl) acts on Hg{FI) by convolution [52]. The following is [52^ Prop. 12.8]. 

Theorem 3.44. 1. There is an injective ring homomorphism 

Fr(pt) ^ Hg{FI) Hg{F\ X Fl) (3.80) 



given by composing the isomorphism (3.79) with the embedding induced by the G- 



equivariant diagonal inclusion Fl — )• Fl x Fl. 
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2. There is an injective ring homomorphism 

Ao ^ Hg{G/B X G/B) (3.81) 

Aw ^ [0^]g forw£W (3.82) 

where [Ow]g is the G-equivariant fundamental class of the closure of the diagonal 
G-orbit of the point (eB/B,wB/B). 

3. The above maps define a ring and left S-module isomorphism 

Hg{Y\x¥\). (3.83) 



^. The following diagram commutes where the horizontal maps are action maps and the 
vertical maps are isomorphisms. 



Hg(FI X Fl) X Fg(F1) ^ HciFl) 

A X Hript) ^ -ffr(pt) 



There is another kind of Kac-Moody flag variety Fl with T-action called a thick flag 
scheme jSH]- There is a bijection Fl = 1^ of the T-fixed point set of Fl with W. The 
thick flag scheme Fl is paved by finite-codimensional cells, each of which contains a unique 
T-fixed point. The closure of the cell containing w is denoted X'^ and defines a class 
[X'^f G H^(Fl) such that {[X^]r \ w e W} and {[X'^f \ w e W} are dual bases under 
an intersection pairing 

Ht{FI) X i?^(Fl) ^ i?^(pt). (3.84) 

For w G W, let iw be the inclusion of a point into Fl whose image is the w-th. T-fixed point. 
See [3] |75][77] for Fl and [68] [69] for Fl. 

Theorem 3.45. There is a commutative diagram 



H^iFl) A 



For 



iJ'*(Fl) 



reso 



An 



(3.85) 
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where For is the ring homomorphism that forgets equivariance, res is the S = H (pt)- 

~ T 

algebra isomorphism that restricts a T-equivariant class to the set Fl = W of T-fixed 
points (and thus sends the T-equivariant class [X^Y' £1" ), and reso is a ring isomorphism 
sending the ordinary cohomology class [X""] to ^q. Moreover 



e{w) = ii{[x 



viT\ 



(3.86) 



(3.85), to the pairing (3.52). 



Proposition 3.46. The pairing (3.84) corresponds, using the isomorphisms (3.83) and 



Ht (Fl) X (Fl) 



A X A 



(pt) 



S 



For i G / let Pi : Fl — 7- Fl be the projection of Fl onto the thick partial flag scheme 
defined by the minimal parabolic subgroup corresponding to i. 



Proposition 3.47. Under the isomorphism res of Theorem 3.45 



1. The first Chern class ci{C\) of the T-equivariant line bundle on Fl of weight A, 
maps to the function c^ , and multiplication by c\{C\) in i?-^(Fl) corresponds to the 
operation f ^ \ » f on K. 

2. The push-pull operator p*pi^ on H'^{¥\) corresponds to the operation f ^ Ai» f on 
A. 



By the definitions (3.45) and ( 3.65[ ), for / G A, A G AT, and if G W we have 
(A . f){w) = (w ■ X)f{w) = c\w)f(w) = {c^f){w). 
Proposition 3.48. There is a commutative diagram 



(3.87) 



A' 



t 
A 



(3.88) 



of S -algebra homomorphisms, where the horizontal maps are isomorphisms and the vertical 
maps are inclusions, where Fl is the thick partial flag scheme associated to the subset 
J C /. Under the top isomorphism, the Schubert basis o/i?'^(Fl ) maps to the elements 
C forve W-^. 
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4 AfRne Grassmannian 

The affine Grassmannian Gtg has the form Gr^ = G^i/Pai where Gaf is the Kac-Moody 
group of affine type associated with the semisimple algebraic group G and Paf is the 
maximal parabolic subgroup obtained by "omitting the zero node" . Therefore the previous 
sections apply and describe the Schubert calculus of H^'^^{Gtg) under the cup product, 
where Taf is the maximal torus in i?af C Paf C Gaf. 

For our applications we consider H^{Gtg) where T C B C G is a maximal torus in 
the semisimple algebraic group G whose corresponding affine Kac-Moody group is Gaf- 
Forgetting from Taf to T we retain the Schubert calculus of H^{Gtg)- 

However in this setting there are extra features. Instead of just the above ring, we 
get a dual Hopf algebra Ht{Gtg) given by the equivariant homology of Gtq under the 
Pontryagin product. The ring Ht{Gtg) is very interesting in itself for several reasons. 

One reason is due to Peterson |130j [88] : the Schubert structure constants of HxiGiG) 
coincide with those of QH^{G/B), the equivariant quantum cohomology of the flag man- 
ifolds G/B. 

For the second reason we forget equivariance and consider G = SLfc+i- Then the 
ring H^:{GicsLk+i) is Hopf-isomorphic to the subring . . . , /i^] of symmetric functions 
generated by the first k complete symmetric functions, and the Schubert basis is given by 
the A;-Schur functions of Lapointe, Lascoux, and Morse (at t = 1). This basis is connected 
with Macdonald polynomials. 

For G of classical type, H^{Gt:g) can be realized by symmetric functions and the Schu- 
bert bases give rise to new families of symmetric functions; see [H] |131j . 

4.1 AfRne Grassmannian as partial afRne flags 

Consider a finite root datum with simple Lie group G Z) B Z) T, containing a Borel 
subgroup B and maximal torus T. The affine Grassmannian is by definition Gr = Gxg = 
G(C((t)))/G(C[[t]]) where C[[t]] is the formal power series ring and C((t)) is the formal 
Laurent series ring. 

Consider the associated affine root datum with Kac-Moody group, Iwahori subgroup, 
and maximal torus Gaf D -Baf ^ Tj^f- Let Flaf = Gaf/Paf be the affine fiag ind- variety 
where Saf is the Iwahori (affine Borel) subgroup. Then (up to a central extension that gets 
modded out in the quotient) Gaf = G(C((t))), Paf = G{C[[t\]) = Pi for the subset / C /af, 
and Gr = Gs.f/Pa,f = Fl^£. Let Flaf be the thick affine flag scheme |68] and Gr = Fl^^ the 
thick affine Grassmannian, the associated thick partial affine flag scheme. 

The previous section describes isomorphisms 

Aaf = F^^f {Gtg) Aaf ^ Ht^, {Gtg). 

Our applications require working with equivariance with respect to the "small torus" 
T rather than the maximal torus Taf in Gaf. It is possible to modify the GKM ring Aaf 
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and the affine nilHecke ring Aaf to obtain rings A'^^ and A'^^ such that 

- H^{Gtg) Kf = Ht{Gvg). 

The necessary modifications were obtained in [55] and |130j respectively. 

Under the small torus equivariance, the homology ring Ht{Gtg) becomes a commuta- 
tive and cocommutative Hopf algebra over 5 = H^{pt), with dual Hopf algebra given by 
H^{Gtg). Our main interest lies in obtaining explicit computations involving this Hopf 
structure. 

We write W^j instead of W^^ and vr : Xaf — )• X for the natural projection and also for 
the induced map vr : S'af = Sym(Xaf) — )• = Sym(X). 



4.2 Small torus version of Aaf 



Here we follow |^55j. Let vr : — )■ X be the natural projection. We also denote by 
TT the induced map 5af = Sym(Xaf) — )• 5 = Sym(X) = ff-^(pt). Consider the map 
vr* : Aaf —5- Fun(Waf, S) given by vr*(/) = vr o /. We wish to characterize the image of vr* 
and the image of its restriction to Acr- 

The usual GKM condition (3.53) holds for functions / : Waf — ^ "S* in the image of vr*, 
since it holds in Aaf. However there are more conditions. 



Let A'^£ be the set of functions / G Fun(VFaf,S') that satisfy (3.53) and the following 
small torus GKM conditions: 

f{{l-t^.)''w)ea''S (4.1) 

/((l-t„v)'^-i(l-s,HGa'^5 (4.2) 

for all d G Z>o, w G W^f, and a G <1*. 

Let Aqj. be the functions in A^j that are constant on cosets in W-^{/W . 

Lemma 4.1. Suppose f G Fun(VFaf , S) satisfies (4.1 ). Then for all d G Z>o, p G Z, a G 
and w G VFaf we have 

f{{l-ta-)''~^w) = f{{l-t^.f~\^vw) mod a^'S. (4.3) 

Proof. By induction we may reduce to the case p = 1, which is just (4.1 ). □ 



Lemma 4.2. If f £ Fun(Wafi5') satisfies (3.53) and (4.1) and is constant on cosets in 
Wa_{/W then it also satisfies (4.2). 



Proof Let a e ^, m e Z, d e 



y = (1 — ta^)'^ ^ . Using Lemma 



4.1 



and w = tuU G VFaf with /i G and u G W . Let 



we have 

/(2/(l - Sa)t^u) = fiyt^u) - fiyts^.^Sau) 

= f{yt^i) - f{yt-(f^,a)a'^t^) 

= fiytfM) - fiyta^t^) mod a^'-S 
= /((l-t„v)%) Ga-^S. 
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□ 



Define 



^« = vr o f for V £ W^f. 



(4.4) 



The following Theorem is proved in Appendix [B] and is due to Goresky, Kottwitz, and 
Macpherson [55]. 



Theorem 4.3. L There is an S-algebra isomorphism 

[X'^f^C forweW^f. 



(4.5) 



2. The isomorphism (4.5) restricts to an S-algebra isomorphism 



i7^(Gr) ^ A'g, - Sin- 

The existence of the following map is explained in Appendix [C] 
Proposition 4.4. The map zu defined by 

/ i-> {t^u i-> f{tfj_)) for ^ and u 

is an S-algebra homomorphism which is the identity when restricted to A(-, C A'r. 



(4.6) 



(4.7) 



Proof of Prop. 4-4 ■ All properties are clear except Im(ro) C Aq^. Let / G A'^^ and g = 
w{f). By Lemma 4.2 it suffices to verify (4.1) and (3.53). For the former, let d G Z>o and 



a G Let w = t^u G VFaf with /i G and u e W. We have 

5((1 - tav)M = g{{l - t^v)\u) = /((I - tav)X) G a'^S 



by the definition of w and (4.1) for /. For (3.53), let a + m5 G for a G $ and m ^TL. 
Let w = tnU for G and u G W . We have Sc 



t. 



iSaU 



t-(m+(^,,a))a'^ttlSaU. Therefore 



giSa+rnSw) - g{w) = , a))avt^) - f{t^) G aS 



by Lemma 4.1 for d = 1. 



□ 
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4.3 Homology of the afRne Grassmannian 



For G define i* G Horns (A'(.^, S) by 

iUf) = fi^f^) for / e A'cr- (4.8) 

In the notation of Theorem 



3.45 



Lemma 4.5. F 0s ^oms{A'(.j., S) has Y -basis {i^ | /i G Q^}- 



Proof. Let G W^^ be defined by m^W = t^W for /i G Q^. By (3.61) the matrix 
(,^{w) is triangular, so the same is true of its restriction ^'^^{ty) for u G Q^. Moreover its 
diagonal entries are nonvanishing: since is constant on the cosets of Wg,f/W we have 
= ^'"M(m^) ^ 0. The Lemma follows. □ 

The following result is proved in Appendix [Cj 

Proposition 4.6. i/r(Gr) and H^{Gt) are dual Hopf algebras over S. There is an iso- 
morphism Ht{Gi) = Hom5'(AQj., 5) under which the product in }ioms{A'Q^, S) is defined 
over F by ) i— )• Hom5(AQj., S) and Aq^. have the structure of dual Hopf algeb 



ras 



over S where the product in Hom5'(AQj,, S) is defined over F by (^^, i^) ^a+/^- 

Define the 5-basis {Cw \ w £ W^^} of Homs(A'(.^, S) by 

, f) = S^v for V G W^,. (4.9) 

Remark 4.7. There is an isomorphism of Hopf 5'-algebras 

/fT(Gr)^Homs(A'Gr,5) (4.10) 
[Xu,]t ^ for iz; G W^^ (4.11) 



where Xt„ = BafwPai/Paf C Gaf/-faf = Gr is the Schubert variety and [X^]^ is the T- 
equivariant fundamental class. Moreover there is a perfect intersection pairing 

HriGr) X H^{Gr) S (4.12) 

which corresponds to the evaluation pairing 

Homs(A'G„ S) X A'g, ^ 5 (4.13) 



under the isomorphisms (4.10) and (4.3). 
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4.4 Small torus afRne nilHecke ring and Peterson subalgebra 

The Peterson affine nilHecke algebra A^j is the associative ring generated by 5 = Sym(X) 
(rather than S'af = Sym(Xaf)) and the symbols Ai for i £ I^f subject to the usual relations 
for S and the Ai together with the commutation relation (3.19) where W^i acts on the 

(4.14) 



finite weight lattice X by the level zero action (12.53). As before 



A' 



af 



Evaluation yields left S'-linear perfect pairings 



A'af X A'af 



s 

S. 



Horns {A'Gr,S) xA'cr 
Let j : Hom5(AQj., S) — t- A'^^ be the left 5- module homomorphism defined by 
UiO , /) = (e , ^if)) for / e K„ e e Hom5(A'G,). 



(4.15) 
(4.16) 

(4.17) 



It is well-defined since we may vary / over the basis {^^^ \ v G Waf} of A'^^. The map j is 
injective, for zu is onto by Proposition |4.4[ 

The following diagram relates the maps w, j, and the pairings. 



Al 



af 



Al 



(■,■> 



af 



S 



ids 



(4.18) 



A'. 



Gr 



s 



HomsiA'c^S) X 

The Peterson subalgebra IB is defined to be the centralizer of S in A'^^f 

B := Zj,,JS). 

Lemma 4.8. We have Im(j) = 0^gQv Ft^ n A'^^ = B. 
Proof. For /i € Q^, we have {i* , vaif)) = f{t^) for ah / G 



(4.19) 



I'^f, so that 



af 



for fi e Q^. 



(4.20) 



The first equality holds by Lemma 



4.5 



For the second equality, 0^gQv Ft^ n A^^^ C B 
holds because under the level zero action, acts on X trivially for all fi £ Q^. For the 
other direction, let a = XlweVKaf ^"^^ ^ ^ ^ Then for all A S X we have 



= Aa — oA 



E 



aw{X — w ■ X)w. 



Therefore for all w G Waf either a^, = or wX = A for all A G X. Taking A to be VF-regular, 
we see that the latter only holds for w = tn for some /i S . □ 
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Al 



The algebra B inherits a coproduct A : B — )■ B ^ from the coproduct of A^j . That 
B) C B (S>s IB follows from Lemma 4.8 and (3.31 ). We make B into a Hopf algebra over 



5 by defining the antipode i— )• t-^ for fi G Q^. 
Theorem 4.9. figgj/ |^ T/ie map j : RomsiA'cr, S) 



is a Hopf-isomorphism. 



Proof. We have seen j is injective, and j is surjective by Lemma |4.8[ It suffices to show j 
is a bialgebra morphism, since the compatibility with antipodes follows as a consequence. 

Since j is S-linear, to check that j is compatible with the Hopf-structure we check the 
product and coproduct structures on the F-basis {i* | /i G Q^} of F 0s i^omsiA'^^, S). 

By Proposition 4.6 and (4.20), for A, /i G we have 



Thus J is an algebra morphism. 

To show j is a coalgebra morphism, let a G Homs(AQ^,S') and f,g£ Aq^.. Then 

((i ® j) o A(a) , / «) 5) = J^O'Ki)) j(«(2)) , f^g) 

a 

= ^Ui'^ii)) ' /)(i(«(2)) , 5) 

a 
a 
a 

= (A(a) , tu((7)) 

= (a, ^{f)-^{9)) 
= {a, ^{fg)) 
= {jia),fg) 

= (A(i(a)),/®5>. 
4.5 The j-basis 

Peterson characterized the image jm of the Schubert basis element in IB as follows. 

Theorem 4.10. flW^ JT^ For each w G VF°f, t/iere is a unique element G M of the 
form 

v&W,f\WOj 

for some G S. Furthermore, = j{Cw) and B = 0^gvi/o^ 5* j^- 



□ 
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Proof. Since {^^ | w E ^afi S'-basis of Hom5(AQj., 5), by Theorem 4.9, setting 

jw = j{Cw) we obtain an 5-basis of B. Let v,w ^ . We have 

= (e^,tz7(f)) 
= (e- , f > 



by (4.17), Proposition 4.4, and (4.9). On the other hand (j^, , S,^) is the coefficient of Ay 
in E B C A'^f. The form (4.21) follows. The element jw G B is unique because the set 
{Aw I w G VF^j} is linearly independent. □ 

For w G W^f let = tx where A G is such that ^"W = txW. Since {jy | w G W°f} 
is an S-basis of B and G B for all w G W^^, we have 



(4.22) 



by the definition oi jy, (3.23), Lemma 3.24, and Proposition 3.42 

Let D be the W^^ x W^f matrix with 
and Kmh. Let C = L>-^ 



S,'"{w). It is invertible over F by (3.58) 



Proposition 4.11. For every u G and x G Waf; 



(4.23) 



Remark 4.12. Note that by Propositions 4.11 and 4.15 below, the Schubert structure 
constants d^y for Ht{Gicg) may be computed using only localizations of Schubert classes. 

Proof. Multiplying (4.22) by Cwu and summing over w G W^^ we have 

~ ^ ^ ^vujv 
~ Ju- 



Now take the coefficient of Ar. 



□ 



4. AFFINE GRASSMANNIAN 



195 



Proposition 4.13. }130^ For any antidominant X e Q"^ , t\ £ W^^ and 



^l<^w\ 



(4.24) 



Corollary 4.14. For any antidominant A G and x E W^^, we have xt\ G and 

jxtx =jxjt^- (4.25) 



Proof. Follows from Proposition 4.13 and Theorem 4.10 



□ 



4.6 Homology structure constants 

Recall that Hom5(A'(.^, 5) ^ HriGr). 

For u,v,w G W^^ define the HxiGr) Schubert structm'e constants d^^ S 5 by 

jujv — ^ ] dy^^juj . 



(4.26) 



The (Gr)-structure constants all appear in the expansion of the basis {jv \ v € W^^} 
in terms of A^j . The following is due to Peterson |130j . 



Proposition 4.15. Foru,v,w G Wpf, 



JU 



if £{wv-^) + eiv) =£{w) 
otherwise. 



(4.27) 



Proof. Using the notation of (4.21), d^^ is the coefficient of A^, in the expansion of juji 



when the latter is written as a left S"- linear combination of | z £ Waf}- Every product 
of the form j^A^jvAy for y W°f, is in the left 5-module AAy for z G W^i, and by (3.11) 
SAw n AAy = 0. Therefore d^^ is the coefficient of in juA^, and applying (3.11 ) yields 
(4271). □ 



4.7 Peterson's "Quantum Equals AfRne" Theorems 

The set T of the elements for A G antidominant, is multiplicatively closed since 



xtx 



4.14 



and Theorem 



4.10 



(4.28) 

For any 



for all such A and x G W^^. This follows from Corollary 
w E W there is an antidominant A G such that wtx G . 

Let QH^ {G / B) be the T-equivariant quantum cohomology ring of G/B. Linearly it 



is isomorphic to Z[gj | i G /] ®i H {G/B). For = 



i&i Cia- 



G Q define 



YliGi 1? ^ M ^ -^]- ^^"^ w G let cj'" be the quantum Schubert class de&ied by the 
u;-th opposite Schubert variety B^wB/B. 
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Theorem 4.16. figfij / JM Let QH"^ {G / B)(^q) he the localization of QH'^{G/B) at the 
quantum parameters. Denote hy Hj'{Gig)t the localization of Ht{Gtg) at the multiplica- 
tively closed set T . Then there is an S-algebra isomorphism QH'^ {G/ B)(^g^ — Ht{Gvg)t 
defined as follows. Given fj, S there is an antidominant A € such that wt^^x G . 
Then Qf.a'" ^ Ct";^ a • 



Remark 4.17. Since the Schubert bases of QH'^{G/B) and Ht{Gtg) correspond, it fol- 
lows that the Schubert structure constants for these rings agree. By Proposition 4.15, the 
equivariant Gromov-Witten invariants all have the form j^. 



There is also a parabolic version which covers all homogeneous spaces G/P. 



Theorem 4.18. ]88^ For any parabolic subgroup P <Z G, there is an ideal Jp C 

Ht{Gt) and a multiplicatively closed subset Tp of Ht{Gv) / Jp, such that there is a ring 
isomorphism 



QH^iG/P)^g) ^ {HT{GT)/Jp)rp (4.29) 

where QH^ {G / P) is the T-equivariant small quantum cohomology ring of G/P and (q) is 
the set of quantum parameters. 

Moreover, Schubert classes correspond to Schubert classes. In particular every T- 
equivariant Gromov-Witten invariant for any G/P, occurs as a Schubert structure constant 
for Ht{Gt), and vice versa for P = B. 



A Appendix: Proof of coalgebra properties 

Let M and N be left Fiy-modules. Then M, N, M (^p N, and HomF(M,iV) are left 
F- modules. We define an Fv^-module structure on M C5f ^ and HomF(M, N). 



Proof of Proposition \3. 14\ We first check the well-definedness of the formula for a - m®n. 
Let a G F^y with A(a) = ^^{a) '^(i) ® "(2)- We further expand a(fc) = Ylw '^(fc)^ k = 1,2 
where E F. The condition of membership in Im(A) of the right hand side of (3.33), is 
that only terms of the form v ®v survive: 



af2) = for all vi^w. (A.l) 



Z^"(l)"(2) 



We take a typical generator of the relations in M i^q N: qm ^ n — m ® qn. We compute 
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the componentwise action of A(a) on qm (g) n and m qn. 

A(a) • {qm ® n) = a(i) • qm (g) a(2) " ^ 

a 

= '3^('l)0(2)^ ■ ® w ■ n 

a,v,w 

~ '^(1)^(2) ('^ • (?) (f • m) (8) tt; • n 
= o^('i)^^(2)(^ • q){v • m w • n). 

a,v,w 

Similarly 

A(a) • (m (g) qn) = a|^j^-ja^^(u; ■ q){v ■ m ® w ■ n). 



a,v,w 



The difference of these two expressions is 

^('1)^(2) ■ 1 — w ■ q){v ■ m ® w ■ n) 

a. v^w 

= {v ■ q — w ■ q){v ■ m ® w ■ n) a^^^ a^-j 
= 0. 

Thus the formula for a ■ (m n) is well-defined. 

Applying this to the special case of the action of Fyy on F\y 0p Fw, we recover part 



(1), including (3.32). For a, 6 G Fw we have 

a ■ {b ■ {m (g) n)) = a(i) • (6(1) • m) ® 0(2) • (6(2) • n) 

(a) (b) 

= ■ («(2)^(2)) • 

(a) (6) 

= (aft) ■ {m®n) 



where the last step holds because of (3.32). Hence we have an action of F^y on M ®f A^. 

For the left Fyi^-module M, the dual M* = HomF(M, F) has a left Fyiz-module structure 
defined by w ■ m* = m* o or more generally a • m* = m* o a* for w ^ W and a G F^i^. 
Consider the left F-linear isomorphism M* (gp ^ — HomF(M, N) given by m* ig) n 1— )■ (x 1— )• 
m*{x)n). We define a left F^y-module structure on HomF(M, A^) by declaring that the 
above map is an isomorphism of left F^y-modules. It is enough to consider the action of 
a = w: w ■ m* n = w ■ m* w ■ n = m* o (>i) w ■ n. This corresponds to the function 
X I—)- m*{w~^x)'w ■ n = w ■ m* {w~^x)n. If / G HomF(M, A^) corresponds to m* ® n then 
the above function corresponds to x ^ w ■ f{w~^x), which is the required action. □ 
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Proof of Proposition 3.16[ We first compute 



A{A,) = A{ar\l-s,)) 

= ar\l (S> 1 - Si (S> Si) 

= aj~Hl (8) 1 - Sj (g) 1 + Sj (g) 1 - Sj (g) Sj 

= Ai (g) I + Si (g) Ai 

= ar'^il (g) I - Kg) s + I (g Si - Si (g) Si) 
= l(g Ai + Ai (g Si. 



This yields (3.35). It follows that the restriction of A to A has image in Atgi^A and inherits 
the required properties by Proposition 3.14 All other assertions follow directly. □ 



B Appendix: Small torus GKM proofs 



Proof of Theorem \4-3[ We prove (1) as (2) follows from it. There is a commutative diagram 
of ring homomorphisms 



F^^HFlaf) 



For" 



ai) 



Aaf 



Fun(PFaf,5) 



(B.l) 



The horizontal maps are restriction to torus-fixed points. For^''^ is the map that forgets 
from Taf-equivariance to T-equivariance. The top map is an isomorphism by Theorem 
It is not hard to show that For is surjective and that H^(Fl.^{) has an i7^(pt)-basis 



3.45 



given by the T-equivariant classes of Schubert varieties [X^]-^ G H^(Fl^{) for v G Waf- By 
commutativity of the diagram, 



Im(res') = Im(7r*) = 



(B.2) 



The functions are independent since the matrix {Tr{dy^w))v,weW!^f is triangular with non- 
vanishing diagonal entries. 
It remains to show that 



Im(vr*) = a; 



af- 



(B.3) 



Let V G Waf- Certainly satisfies ( |3.53 ) since does. We must check the conditions ( |4.1| ) 
and (4.2). Let w G Waf, a £ ^, and d G Z>o. Let W' C Waf be the subgroup generated 
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by to-v and Tq,; it is isomorphic to the affine Weyl group of SL2- Define the function 
f :W' ^ S hy f{x) = C{xw). Since C satisfies (|3^ for Flaf, / satisfies (|3^ for the 
affine flag variety Fl' corresponding to a. It follows that / is an S'-linear combination of 
Schubert classes in Fl'. By Propositions B.l and B.2 (proved below), vr o / satisfies (4.1) 
and (4.2), so that £ A'^^, as required. 

Conversely, suppose ^ G A'^^^. We show that 



(B.4) 



Let X = txu be of minimal length in the support of ^, with u & W and A G Q^. It suffices 
to show that 

G e{x)S. (B.5) 

Suppose (|R5j) holds. Define : W^i ^ S hy C' = C - {^{x)/^''{x))^'' . Since A'^^ is an 
5- module, ^' G A'^^. Moreover ^{S,') 2 ^(0 where r2(^) is defined by (3.64). By induction 
(B.4) holds for ^' and therefore it holds for ^. 

We now show (B.5). The elements {a | a G are relatively prime in S. Letting 
a G , by (3.61) it suffices to show that ^{x) G J := a'^S where d = |InvQ(x~"'^)| and 
InvQ,(x~^) is the set of roots in Inv(x~"^) (see (2.21)) of the form ±a + k6 for some k G Z>o. 

Note that for (3 G ^'^i", P G Inv(x"^) if and only if • /3 G -^tr- We have 

x'^ ■ (±a + k5) = u'^t^x ■ (±a + k6) = ±n~^Q + (A; ± (A , a))6. 
Letting x = x(ct G Inv(n^-'^)) we have 



InvQ,(x ^) 



{a, a + 6, . . . ,a — ((A , a) + 1 — x)^} if (A , a) < 

{-Q + 6,-a + 26, . . . ,-a + ((A , a) - x)^} if (A , a) > 0. 



(B.6) 



Suppose first that (A , a) > 0. Then d = {X , a) — xi<^ G Inv(u ^)). Applying (4.2) to 
y = i(i_(i)Q,vx, we have Zi G J where 

Zi=a{l-t^.f-Hl-Sa)y) 

= (-i)'^-ie(x)-e((i-iav)"-isa2/) 

where the last equality holds by the assumption on Supp(^) and a calculation oilirVa{{sa+d5x)~^] 
giving X > Sa+dsx > t-fea^x for all 1 < < d — 1. By Lemma 4.1 we have Z2 € J where 

Z2 = C((l - ta^f'^SaV) - e((l - ta^y~%a^Say) 

for any p G Z. Thus 



Z, + Z2 = i-lf-^Cix) - e((l - to,-f~%a'^s^y) G J. 



200 



CHAPTER 4. AFFINE SCHUBERT CALCULUS 



By the assumption on Supp(x) and ( |B.6| ), 



for p = 2 — d. It follows that ^(x) e J. 

Otherwise (A, a) < 0. By the previous case we may assume that tda^x Supp(^). 
Thus 



by induction on Supp(^) and (4.1). This proves (B.5) and (B.4) as required. 



□ 



B.l Small torus GKM condition for SI2 

In this section we consider the root datum for SI2. Let = {a} where a = ai. Also 
(5 = Qo + «! so that '/r(ao) = —T^io-i) and the level zero action of Waf is given hy sq ■ a = 
si ■ a = —a. For i € Z>o let 



<72j = [siSqY 



Cr-2i = (soSl)*: 
^-(2i+l) = ■SlO"-2j- 

Then we have i{aj) = \j\ for j € Z, W^f = {aj \ j G Z>o}, and 

(T2i = t-joV for i €z Z. 
Let := 7r(^'^' (cTj)) for i,j G Z. For m,a E Z>o, 



(B.7) 



m + a 



m 



a 



(B.8) 



where j G {m + 2a, m + 2a + 1, — m — 2a — 1, — m — 2a — 2}. This is easily proved by 



induction using (3.60). The rest of the values for ^™ are zero by (3.58). For m < we may 
use 

C = (-irCf form,iGZ (B.9) 
which follows from the Dynkin symmetry o 1. 
Proposition B.l. For all d> 1, m £ 7L, and w G W^i we have 



(B.IO) 



Proof. One may reduce to m > using ( |B.9 ). Equation (B.IO) is proved for m = 2i, 
w = t(^_i_a)a^ and d = {i + a) + {i + 1 + h) = 2z + a + 6 + 1 for a, 6 G Z>o, as the other 
possibilities are similar or easier. Equation ( |B.10 ) can be rewritten as 



fe=0 



(B.ll) 
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By K58^ & = for -2i - 2 < 2p < 2i. Using dRSl), 



-2j-2-26+2fc 



\k=0 k=2i+l+b/ ^ ^ 

= E(-i)'^(^)^V2-2.+2. + 
-(-i)'E(-i)'G',)a,_._.-(-i)'E(-i)'(J,) 

fc=0 ^ ^ fc=0 ^ ^ 

b 



d 

2i + l + b + k 



c2i 

?2i+2fc 



S2i+2/c 



k=0 ^ ^ ^ ^ k=0 

Taking the coefficient of (— x)^ in (1 — x)'^/{l — x)'^^^^ = (1 — x)"-^^ we have 

d \ /'2i + k\ fa + h 



fc=0 



h-k \ 2i 



Exchanging the roles of o and h we see that Z = which imphes (B.ll). 



□ 



Proposition B.2. For all d>l, m ^ Z,, and w G Waf we have 

nil -ta-f-H^-Sa)w)ea%a]. 

Proof. Let y = (1 — tav)*^"^. Without loss of generality we may assume w = tpav for some 
p G Z. By Proposition |B.l ^"^ satisfies (4.1). We have 



r (y(i - Sa)t 



= r{y)-r{ySo.) moda'^ZM, 



using Lemma 4.1 twice. However 



r{y)-r{ysa) = r{yaA^) 

= {ya){A^.r){y)- 



Now y ■ a = ita and Aa • ^"^ is if m > and is equal to ^"-^^ if m < 0. Assuming the 



latter, by (O) for d-1, ^""+^2/) e a'^~'^S, so that - ?™(ysa) G a'^S as required. □ 
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C Appendix: Homology of Gr 

Let K be the maximal compact form of G and = K D T. The based loop group 
flK of continuous maps (S*^, 1) — )• {K, 1), has a T^-equi variant multiplication map flK x 
— )• ^IK given by pointwise multiplication on K, and this induces the structure of a 
commutative and co-commutative Hopf-algebra on The co-commutativity of 

H^^{QK) follows from the fact that Q,K is a homotopy double-loop space. 

Gr = Grc and QK are weakly homotopy equivalent [135] . By "fattening loops", it 
follows that HxiGr) and H'^{Gt) are dual Hopf algebras over S = H'^{pt) with duality 
given by an intersection pairing 

(•,•): Ht{Gt) X i?^(Gr) ^ 5. (C.l) 
We may regard an element G HxiGr) as an S*- module homomorphism H^{Gt) — )• S by 

e(/) = (e,/). 

Lemma C.l. Let A,/U E Q^, and consider the maps i^,^^ : H^{Gt) S as elements of 
HxiGr). Then in Ht{Gt), we have 

^/^ = ^*x+^l• 

Proof. It suffices to work in H^'^^-^QK). The map i^ i* is induced by the map pt — >■ 
0,K X QK — )• ilii' where the image of the first map is the pair {t\, t^) G QK x ^IK of fixed 
points, and the latter map is multiplication. Treating tx,t^ : 5^ — )• X as homomorphisms 
into K, the pointwise multiplication of tx and t^ gives tA+^- Thus i\ i* = □ 

The antipode of Ht{Gtg) is given by i*^ i— >• i^;^, since the fixed points satisfy t^^ = t^x 
in nK. 

For w £ W^f denote by [X^]^ G Ht{Gi) the equivariant fundamental homology class 
of the Schubert variety ■= B^^wPg^i/ Pg^i C Gs,i/Pa,i = Gr. 

Using the intersection pairing we have that | w E W^^} is the basis of Ht{Gtg) 

that is dual to the basis {[X""]-^ | w G W^^} of H^{Gi), which corresponds to the basis 
l^"" I w G W^afl of Ap[ under the isomorphism of Theorem 



4.3 



Proof of Prop. ^.6. Follows from the above discussion. □ 
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